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ABSTRACT. In this paper, faithful matrix representations of the jet groups G5
are presented, following a detailed description of their components in block
form. Such groups can be used further to study symmetries of differential
equations. Elements of these matrix representations are derived.

1. Introduction. Jet groups play an important role in differential geom-
etry and modern physics. They can be used as a tool to study the symme-
tries of differential equations [4]. Nevertheless, for practical applications, it
is necessary to know the matrix representations of these jet groups.

Consider the n-dimensional manifold M and the rth order frame bundle
P"M of M, which is the set of all r-jets with source 0 of the local diffeo-
morphisms of R"” into M. P"M is an open subset of 1), M = Jj(R", M)
and therefore defines the structure of a smooth fiber bundle P"M — M.
The jet group G|, acts smoothly on P"M on the right by jet composition,
and thus P"M becomes a principle bundle with the structure group G . If
we construct a matrix representation of ), structure group, we can also
represent this right action by matrix multiplication, which is a much easier
tool to work with and is useful in practical calculations. For more detailed
explanation and further information on jet groups, see [5] and [2].

Since results and matrix representations are known for jet groups of order
at most r = 2, our attention in this paper will be devoted to jet groups of
order r = 3. Jet group Gg will be presented, and elements of this repre-
sentation will be derived. As a corollary, faithful representations of G3, G3
and G2, n € N, jet groups will also be presented (the case of G2 is also a
corollary, since the proof is completely analogous to the one in the case of
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G3). Detailed derivation of matrix representations of jet groups G7, G}, G3
and G3 for r,n € N can be found in [1] and [3].

2. Matrix representation of G3. First, let us show what a faithful ma-
trix representation of the jet group G% looks like. For a particular element
of this matrix, the upper indices will denote the component of a map we
differentiate, and the lower indices will denote the coordinate by which we
differentiate. For example, element a%w for a map f : R* — R? with compo-

nents f(z,y,2) = (fY(z,y,2), f2(z,y, 2), f>(x,y,2)) corresponds to a third
derivation of a second component calculated at the origin as

83 f2

——(0).

8x26z( )
The number of lower indices thus represents the order of a derivation.

Theorem 1. The faithful matriz representation of the jet group Gg has the
form

A B C
a=10 D FE EMlg(R),
O O F
where O are zero matrices and
1 .1 1 1 1 1 1 1 1
ap ag as ay; Qo G333 A1z A1z dg3

1 1 1 1 1 1 1 1 1 1
a%n Qg9 Q333 Q4123 a%u a%w a%22 a%33 Q23 Q333

C= a%n Qg9 Q333 QA723 a%m C%13 aézz a%33 Q23 Q333 |,
a1y1 G992 Q333 G123 QA2 Q113 Qg2 Q133 QG223 Q233

(al)” (a3)” (ad)  ala} ajaz aza3
(1) (a3)” (a3)” e} aja3 a3a3
po| @) @)? (@) adad |
2ata? 2a3a3 2aia3 ala3 + aa? a1a3 + ala? a2a3 + ala3
2ata} 2a3a3 2ala3 alad + alad a1a3 + alad a2a3 + ala3
2a%a} 2a3a3 2d%a3 ala3 +a3a} aial 4+ a3al a3al + aia3
e tal alk + aj.
%k + a? alk + a
_ aa§k+aalk+a ag;
%k azk—i-a a3 +a§ajlk+a azk—i—a ’
aak—l—aazk—i-aa +aja azk—kaka

%k

]k-i-a azk—ka a —i—aa +a azk—kaka
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ata ak+a1 2 3+a1a2a%+a ka?’—i—aaa +aka2a§

7
1 1 1 1,12
aak+aaka +a ka

F = %%
leak%—alaka +ala % ’
Zlgak—l—aaa +a1a2a§
1 13,5, 1.3
a; éak—l—a apa; + a;apa;
fﬁak—l—aaa?’—i-aQaia
ajaja} + aajal + aiaja;

where indices ijk in matrices £ and F are given respectively for each column
by the following table:

Column 1. 2. 3. | 4. 5. 0. 7. 8. 9. | 10.
Indices ijk | 111|222 | 333 | 123 | 112 | 113 | 122 133 | 223 | 233

Remark 1. Index notation was introduced for matrices ¥ and F' because
both are too large (the matrix E has 6 rows, 10 columns and the matrix
F has 10 rows, 10 columns). To make this notation clear, we can show
examples. The first, fourth, and tenth columns of the matrix E have the
form

3ajay,

Sa%afl

3a:15a:f1
3(aila§ + a%azl) ’
3(‘151‘1:1)) + a%aél)
3(a1,a1 + afay,)

B =

a%agg + agaé3 + agaé2

Ey = a1a23 + a2a13 +1a3a122 ) o1 |
a%a23 + al a13 + a3a12 + aj a%3 + aga%3 + a3a%2

JENE SN N S 8 N 5 D 8

ajasz + asayy + azajy + ajasz + axaiz + azaj,

a2a33 + 2(13@23
aéagg, + 2a3a§3
Eo=1 12 a21a323 + 2%2@213 2.1
a%a§3 + 2a%a§3 + 2a§a%3 + aga%g
a%a§3 + 2a%a§3 + 2a§a%3 + agagg
azazs + 2a5a53 + 2a3a33 + azass

The index notation works in the same fashion for a matrix F.
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Proof. Matrices A, B, and D of the representation matrix « form the group
G2, whose elements were derived and can be found in [1]. Let us derive the
fourth column of matrices C'; E and F', from which it is then easy to see
the pattern for the rest of the columns.

Consider maps f : R? — R3, f(0) =0, g : R® — R3, ¢g(0) = 0 and
the composition map h = f o g = (f(¢'(z,y, 2),9*(z,y, 2), ¢ (z,y, 2))) for
1 =1,2,3. To derive the fourth column of matrices C', E and F, we need
to calculate the partial derivative

83hi
0x0ydz (0).
Starting with the derivative %—}5, we get
oh'  Oftogt  Ofiog¢*> Of 0¢>
dr Oz 0 | Oy Oz 0z Ox
furthermore
82hi anz agl anz 892 anz 693 agl afz 8291
Oxdy - (8x2 Oy | Oxdy Oy = Oxdz 83/) Oz | Oz Ozdy
a2fi agl 82fz 892 82]('2 893 ag2 afz 6292
<3x8y8y oy Oy | Oyoz 8y> Oz | dy Ozdy
82fz‘ 891 82‘}” 892 anz 893 893 afz 8293
<8x826y oydz Oy = 922 6y> Ox | 9z 0zdy
ani 891 agl 82]('2 892 892 82fz 893 ag3
T 022 Or Oy | Oy? Or Oy | 022 Oz Oy
LRI (0 ooy O 0000 0500y
Oxdy \ Or Oy 0y Ox 0xdz \ Ox Oy Jdy Oz
82fi 892 393 692 893 8]” 82_91
oy0z <8x@y 83/830) Ox 0xdy
afz 8292 afz 8293
Oy 0x0y 0z Oxdy’

Now, we can finally compute

aShi _ ani agl ani 3g2 ani 693 3g1 agl
0xdydz <8$3 0z | 0x20y 0z | 0220z 82) Oz Oy
a2fi 3291 agl 82]01' agl 6291
0x2 910z Oy = 02 Oz Oyd=z
+<83fi 3791 83fi3792 93 f 5g3>8g28f
Oxoy? 0z  Oy3 0z  0Oy20z 0z ) Ox Oy
82fi 8292 392 anz 892 8292
oy? dxdz dy = Oy? O dyd=z
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o1

ani agl a3fi 692 a3fi 893 893 893
<8x822 0z | Oyd22 9z | 923 8z> dx dy
82]01‘ 8293 893 ani 693 8293
022 020z Oy = 922 Oz Oyd=z
N ( Of 9g' | Of 07 Of af’)(('?gl@f 391392)
0x20y 0z  Ox0y? 0z  Ox0ydz Oz Oor Oy Oy Ox
. &2 fi <8291 (L(JQ 87918292 82! 87572 89182g2>
0xdy \ 0xdz Oy Ox Oy0z  Oydz Ox 0y 0x0z
N AT
0x20z 0z  0x0ydz 0z  Oxdz2? 0z or 0y Oy Oz
. o2 f (82g1 3793 87918293 829! 3793 8918293>
0x0z \ 0xdz Oy Ox Jydz  Oydz Ox Oy 0xdz
(20 0 0o 0 oy (ogt0r oror
0xdydz 0z  Oy20z 0z  0Oydz2 0z or Oy Oy Ox
. o2 [ (8292 6793 87928293 §2¢2 6793’ 8928293>
0ydz \ 0x0z dy Oxr 0ydz  Oydz Ox 0y 0x0z
+<62fiagl 82]”6792 a2fi 893> 82g1 +afi 8391
0x? 0z  Oxdy 0z  0x0z 0z ) Oxdy  Ox dxdydz
<82fi agl ani 692 ani 393> 8292 N afz 8392
Ox0y 0z oy? 0z  Oydz 0z ) dxdy Oy 0xdydz
N <62fz 6791 82fi ng a2fzag3> 8293 N afz 8393
0xdz 0z  Oyoz 0z 022 0z ) 00y 0z Ox0yd=z
from where we get the final form
PN 00900 BS0R 008 B 0 0
0xdydz  0x3 Ox Oy 0z 0Oy Ox Oy 0z  0z3 Ox Oy 0Oz
83]07; agl 3g1 892 891 agl 892 agl 891 892
D20y (axayaz dy 0z Ox axazay)
83]” (89 dg' 0g> 8g1 dgt 0g®>  0g' Ogt 893)
81’282 Ox Oy 0z 8y 0z Ox  Ox 0z Oy
83]” dg* 0g° Og dg' 0g% 0g*>  Og' 0g? Og?
T w0y (axayaz dy 0z Ox axazay)
83]” dg' 0g® Og 8g1 9¢® 0g®  0g' 0g? 0g>
T 90022 (fnayaz dy 0z Ox c‘)x@z&y)
83]” <8g 9g? 0g> 892 9g% 0g®>  0g? 0g> 8g3>
ayzf)z Oxr Oy 0z 8y 0z Ox  Ox 0z Oy
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vy (aravor ovoror ororor)

Oydz2 \ 0z Oy 0z Oy 0z 0r  Ox 0z Oy

(I (@ oosor o opor
0x0ydz \ Ox Oy 0z dy Oxr 0z Or 0z Oy
dg' 0g* 0g> N dg' 0g? 0g> N g 0g> ag3>

Oy 0z Oz 0z Oz Oy 0z 0y Oz
N 82,]” <agl 8291 87918291 agl 62 1>
0x2 \ 0z 0xdy Oy 6x82 Ox Oyoz
82fz <892 82 2 892 8292 892 82 2>

0z amﬁy y 33}82: Ox 0y0z
82fz <ag3 82 3 893 8293 893 82 3
82’2 0z 8m8y oy 33382 Ox Oyoz
a2fz (89 62 1 891 8224_@822
8x8y 0z 8x8y 0z Odxdy Oy 0x0z
392 32 1 892 82 1 agl 8292>

+87y 0x0z + Oz Oydz Oz Oydz

82]” 391 8293 693 3291 agl 3293
0x0z (327 0xdy ' 0z dxdy = Oy 010z
8793 92g" 87938291 W3293>
Oy 0x0z  Ox Oydz  Ox 0ydz
. 92 fi (893 82g2 87928293 +87928293
0ydz \ 0z 0x0y 0z Oxdy Oy 0x0z
393 32 2 893 8292 392 8293>

+87y 0x0z + Oz Oydz Oz Oydz

afz 83 1 N afz 8392 N afz 8393
Ox 0xdydz Oy 0xdydz Oz Oxdydz

If we evaluate this partial derivative at the origin, we obtain the coordi-
nates of the composed jet 33h = j3f 0 73g. Denote a’ = f%(0), b* = ¢*(0)
and ¢’ = h'(0). By using the notation from the previous section, i.e.,

O3h’ -
920y0>2 (0) = clas,
we obtain the desired result
Clag = af1101babs + ahasbT03b3 + a33b70503
+ ayyp(b1bybs + bybsbi + bibsh3)
+ ayy3(bibab + bybsbi + bibsh)
+ ago (b33 + bybihs + bib3b)
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+ af33(b3b7b3 + bybib3 + bib303)

+ @by (bT63D3 + b3D3bT + bIb3D3)

+ a5 (V3DFL3 + b3DIL3 + bID3DL3)

+ alos (bAD2DS + b1b3DS + bAb2DS + bIb2D3 + bibab3 + bibID3)
+ afy (b3bia + babig + bibyg) + ady (301, + b3bT5 + bib3s)

+ alys (Db, + b3b3, + b3b3,)

+ alo(b3bly + bib3y + bAb25 4 b3bds + babls + bibls)

+ al5 (b33, + b3biy 4 bib3s + b3bds + b3b14 + bib3s)

+ abg (b3b3y + b2b3y + b3b35 4 b3b35 + b3b25 + b3bis)

+ albiog + abblys + abbiys.

The fourth column of matrices C', E and F' can now be derived in the fol-
lowing way. The first row of the representation matrix is given, respectively,
by the elements aj, a3, a3, aiy, aya, a3z, aig, a1z, Ads, 111, A392: A333: Al2g, A1 12,
alys, alg, alss, ades, adss. Denote this matrix by . Element ciyy € v of the
matrix multiplication v = a.- 8 can be obtained by multiplying the first row
of the representation matrix a with the thirteenth column of another rep-
resentation matrix 3. By checking the result for the derived element clys,
it is easy to see that such a column has the form

e
bizs
b3
bibly + bgb + bibd,
b3b3y + be13 + b2b
bgb:{’z + b3bis + b?b%:a
b3b1a + b3DYy + bybis + Dibys + bobis + b1
b3bly + b3D1y + bobis + DYbys + bibis + bib3s
b3bTo + D30Ty + b3bYs + Dib3; + b3bis + bTb3s
B3 = b1bybs
b7b303
byb303
b%b%bg + b%b%bg + b%b%b% + b%bgb;’ + béb%b:{’ + béb%b%
bLBLDY + bLbLGE + blbib3
bibibs + bibib? + blblbs
bébfb% + b%b%b% + b%b%b%
bébi”bg’ + b%b:{’bg + b%b%b%
b%b%bg + b%b%b‘;’ + b%b%b%
bgb‘r{‘bg + b%b?bg + b%b%bg
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whose elements can be found in the fourth columns of matrices C, E and
F, respectively. From this point it is easy to derive the rest of the columns.
For example, to derive the eighteenth column of the representation matrix
a (i.e., the ninth column of matrices C, E and F), it suffices to rewrite
the lower indices 1 to 2 for all elements. Thus, the 18th column of the
representation matrix « has the form

1
293
p)

a§23

1 1a223 1.1
G%QCL% + 2a%a%3

az03 + 2a5a53

agya3 + 2a3a5,
(5903 + ajad, + 2ab3a5 + 2a5a33
(3903 + a3a3, + 2ab305 + 20505,
a35a3 + a3a3, + 203303 + 2a3a3;
_ (ad)” a}
Q18 = 2N\2 9
HE

as) as

2a}a3a3 + 2a}ada3 + 2aka3al
(a3)* a3 + 2abaia3
(ab)” a3 + 2abada
al (a%)z + 2a3aa?
al (a%’) + 2aiada3
(a3)” a3 + 203030

2 (,3\2 2 33
as (aQ) + 2aza5a3

O

3. The representation matrix of the jet groups Gg and Gi’. As
many interesting results and PDEs are in two-dimensional space (ODEs
in the case of one-dimensional space), we should also mention what the
representation matrix looks like in a jet groups G and G% as a corollary of
the previous theorem.

Corollary 1. The faithful matrix representation of the jet group G35 has the
form

a=(A B C)e MyR),

where
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%)

ai aé ail
ay ap any
0 0 ()
0 0 (@)
A=10 0 2aia?
0 0 0
0 0 0
0 0 0
0 0 0
aill
arg
3‘1%‘1%1
3a%a%1
B = 3(af,af + aja))
1\3
(al)
(a2)’
3 (a%)2 a?
3ai (a%)2
ailZ
1 1a112 1.1
a%la% + Qa%a%2
at as + 2ajai,

a1,a3 + ayad; + 2a}ya? + 2atai,
(a})? ad
ay) as

2
()" a3
+ 2atala?
1,22

1\2 2
10103

(al
as

)" a3
(a%)2 + 2a

a%z ayo
a%z a%2
(a})® ajay
(@) a3
2a3a%  alad+ala? |-
0 0
0 0
0 0
0 0
a%22
3a3a59
3‘1%@%2
3(agq03 + ajady)
(a})° |
(a3)”
3 (a%)Q a3
3ad (a%)Z
aizz
1 1a122 1.1
a%Qa% + QCL%CL%Z
azpai + 2a3a7,

3,03 + ajazy + 2a}ya3 + 2aat,

al (a;)z
Qa% (a3)
(a%) a% + Qa%a%a%
1

aq (a%)2 + 2aka3a?

Proof. To find the faithful matrix representation of a jet group G3, it is
enough to exclude all columns (rows) containing the index of the third

variable from the Gg representation matrix.

O

Corollary 2. The faithful matriz representation of the jet group G5 has the

form
1 1 1
ay a112 aim
a={0 (a) 3ajay
1\3
0 0 (al)
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Proof. Similarly to the proof of the previous corollary, it is enough to
exclude all columns (rows) containing the index of the second variable from
the G representation matrix. O

4. The representation matrix of Gf’l. It is not difficult to generalize the
matrix representation of Gg to the case of general G2 for n € N, n > 4. If we
think of all rth partial derivatives, we can see that for a map of n variables,
there are (”+:_1) possibilities (number of combinations with repetition).

The G$ representation matrix therefore has to have (}) + (3) + (g) = 3 rows

and columns, G% has to have (%) + (;’) + (g) = 9 rows and columns, and
finally, as we could see G3 has to have (%) +(5) + (g) = 19 rows and columns.

In the case of general n € N, G3 must have

n n+1 n+2 n, o n3 9 1ln
= - 6n 4+ 11) = — =n
<1>+<2>+<3> 6(n—|—n+ ) 6—|—n+6

rows and columns.

Corollary 3. The faithful matriz representation of the jet group G3, n € N
has the form

A B C n3 11n
a=(0 D E EMk(R)a k:F+n2+T
O O F

where O are zero matrices and form=n — 1

1 1
ay Gy G,
@2 a2
A=1 . . |
n n n
ay G n,
1 1 1 1 1 1 1
a/%l a%2 DY agLn a%Z a%3 DY a/gq . agLn
a/11 al22 DY a/nn a12 a13 ... a/pq DRI a;mn
B=1 . . o . R
n n n
ary Ao Opp 412 013 pq G

Vp,geN; 1<p<qg<n
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o7

1

11 1 11
a%H a%m cee G, a%% agqr ajyy --- agtu . a,gmn
- 111 4222 - -+ Appp A123 - -+ Qpgr 4112 - -+ Qsty -+ Cmnn
- . . . . . . . b
n n n n n n n n
a111 4222 -+ Appn @123 - -+ Apgr 4112 -+ Qspy - -+ Ampn
Vp,g,reN; 1<p<g<r<n
Vs,t,ueN; (1<s=t<u<n)V(1<s<t=u<n)
12 (,1)\?2 1)2 1,1 1,1 1,1
(@) (@) (o) ol ohal ohat
2 2 2 2.2 2.2 2 2
(a1)" (a3)" .- ()" aie @ty i
n\2 n\2 n\2 n.n n,.n n . n
(al) (a2) (an) ayas apaq A an,
Qaiag Qa%aé e 2a}la§ a%ag + a%ai e a]lgoz2 + alag . ainazl + a}lagn
2aia3 2aia3 ... 2aka3 aiad +alad ... a}?aq +aga, ... ana, + atal,
p.d 9.P,4 P4 P4 Pq p.d_ P4 p 4 Pq
2aya] 2a5ay ... 2anan G705 + 0507 apaq + Aqap ... GmAn + AnGm
2a"a} 2a3'ay ... 2ap'ay af'ay + ay'al ... aptay +agtay .. agpay + aptag,

Vp,geN; 1<p<qg<n

1,2 1,2 1,2 2 1 2.1 2.1
a;az, + aj;agy + aa;; + a; @, + asa; + apa;;

1 1
a; ag, + a;

D, q D
aiajk-l-aj

m n m
a; aijraj

1,1 1,1
+ a;a;, + apa;;

1,1
% ﬁk 2 2 2 9
+ ajag, + apag;

a; s
n, n n n o
a; agy, —|—aj a;, + ay, ag;

3

1.3 3,1 3,1 3.1

q p_q q_p q_p q_p
Qi + apag; +a;ag, + a;a, + apag;

n m . n n_,m nm n_m
Qg + Qg Qg + a5 gy + agag + agag;

Vp,geN; 1<p<qg<n
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1,11
N

n,n,n
a; a;ap

1.2.3 1,23 1,2,.3 1.2.3 1,23 1,23
a;ajay + a; apa; + aj;a;ag + ajaga; + aza; a; + apaja;

_ p_d.r pP_4q_r P_4q.r P4 r p_ 4. p_4d.r
F = a;aja;, + a; aka]i—l;agaiakl—lia-akail—tagaiaj +agaia; |,
a;a;ay + ajapa; + a;agpa;

1,1,3 1.1,3 174
a; a;ay —l—ajakai —l—aiakaj

u

st u st u st
a;a;ay + a;aa; + a;a,a;

m,n n m,nn m ,n N
a;*azay —l—aj apa; + a; apa;

Vp,g,r €Ny 1<p<g<r<n
Vs,t,ueN; (1<s=t<u<n)V(1<s<t=u<n)

where indices ijk in matrices E and F' respect the upper indices in matrix
F (or equivalently lower indices in matriz C).

Proof. Matrices A, B and D of the representation matrix a form the group
G?, whose elements were derived and can be found in [1]. To derive elements
of matrices C', F and F, it is enough to derive the arbitrary column of these
matrices with three different lower indices o, 8,7y € N, 1 <a < <y < n.
Consider maps f : R* — R", f(0) = 0, g : R" — R", g(0) = 0 and
the composition map h = fog = (fi(g*(z!,...,2"),..., g%, ..., 2")))
fori =1,2,...,n. Now, we need to calculate the partial derivative at the
origin
O3h i
Ox*0xPox (0) = cagy
The result is similar to the one in the proof of Theorem 1. We obtain
Chgy = a1 babELY + .+l BRVEDY + a5 (babsb2 + bEbLZ + bpblbY)
+ afy3(babpbd + bbbl + brblbd) + ...
+ aly, (D2DGDY + bEBLLY + BEBEDE) + ...
+ a3 (bEbADS + bab3bS + bEb2B) + bLB2bE + bIbEDY, + bIbALE) + . ..
+ apgr (DELYL + DROEY, + bigbd by, + BRI + DEDELY, + bhbAbE) + ...
+aly (DAl + bbby + babh) + -+ ab, (B2b2 5 + bEbL., + DRbE.)
+ aly(B2bhs + bA02 5 + bEb% + bibs, + baby, + bib3)

+al3(bIb3s + b3bhs + bbl, + babE + bibh, + babl,) + ...
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+ @}, (DB + DIV g + DEDL 4 b + Db, + bb )
-l—a’ib}wv%—...—i-aﬁl By
m=n-—1
Vp,g,reN; 1<p<qg<r<n
Vs,t,bueN; (1<s=t<u<n)V(1<s<t=u<n).

If we again think of the element cioé 3y S a result of matrix multiplication,

y
we obtain the column of the G representation matrix with lower indices
afy. Since the indices af~y were arbitrarily chosen, we can describe any
column of the G2 representation matrix from blocks C, E and F. U
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