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Cobalancing hybrid numbers

ABSTRACT. Hybrid numbers are generalization of complex, hyperbolic and
dual numbers. In this paper, we define and study hybrid numbers with
cobalancing and Lucas-cobalancing coefficients. We derive some fundamen-
tal identities for these numbers, among others the Binet formulas and the
general bilinear index-reduction formulas which imply the Catalan, Cassini,
Vajda, d’Ocagne and Halton identities. Moreover, the generating functions
for cobalancing and Lucas-cobalancing hybrid numbers are presented.

1. Introduction. A positive integer n is a balancing number if it is the
solution of the Diophantine equation

(1) 1424+ +(n-1)=n+1)+n+2)+ -+ (n+r)

for some positive integer r. Here r is called the balancer corresponding to
the balancing number n. The sequence of balancing numbers, denoted by
{By}, was introduced by Behera and Panda in [1]. It is well known that n
is a balancing number if and only if n? is a triangular number, i.e. 8n% + 1
is a perfect square, see [1].

In [6], Panda introduced the sequence of Lucas-balancing numbers, de-
noted by {C,} and defined as follows: if B,, is a balancing number, the
number C,, for which (C,,)? = 8 B2 + 1 is called a Lucas-balancing number.
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Cobalancing numbers were defined and introduced in [7] by modification
of formula (1). The authors called a positive integer n a cobalancing number
with cobalancer r if

14244+ n=n0+)+n+2)+---+(n+r).

Let b, denote the nth cobalancing number. The nth Lucas-cobalancing
number ¢, is defined with (c,)? = 8b2 + 8b,, + 1, see [4, 5].

The balancing, Lucas-balancing, cobalancing and Lucas-cobalancing
numbers fulfill the following recurrence relations

B, =6B,,_1 — B,,_9 for n > 2, with By=0, By =1,

Cn = 6Cn_1 - Cn_Q for n > 2, with CO == 1, 01 == 3,
(2) b, = 6b,,_1 — b9 + 2 for n > 2, with by =0, by =0,
(3) cp = 6Cy_1 — Cp_o for n > 2, with ¢g = —1, ¢; = 1.
Note that cobalancing and Lucas-cobalancing numbers were originally de-
fined for n > 1. Defining by = 0 and ¢y = —1, we obtain the same, correctly
defined sequences.

The Binet type formulas for the above-mentioned sequences have the
following forms

.
B, = aag
C, = L;Bn,
n-i_gn-i 4
(@ b= 5
_1 _1
9 =TI

for n > 0, where
(6) a=3+2V2 B=3-2V2 ar=1+V2, g2 =1-+2.

Note that additionally defined by and c¢q satisfy (4)—(5).
Table 1 includes initial terms of the balancing, Lucas-balancing, cobal-
ancing and Lucas-cobalancing numbers for 0 <n < 7.

n|0 1 2 3 4 ) 6 7
B, 0 1 6 35 204 1189 6930 40391
Cp| 1 3 17 99 577 3363 19601 114243
b, | 0 0 2 14 84 492 2870 16730
en | —1 1 7 41 239 1393 8119 47321

TABLE 1. The balancing type numbers.
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In [3], Ozdemir introduced a new non-commutative number system called
hybrid numbers. The set of hybrid numbers, denoted by K, is defined by

K={z=a+bi+ce+dh:a,bcdecR}
where
(7) i2=-1,e2=0, h’=1, ih=—-hi=e+1i.

Two hybrid numbers z1 = a1 + b1i+ c1€ + d1h, zo = as + bsi + coe + doh
are equal if and only if a; = a9, by = be, ¢c1 = ¢ and dy = dy. The sum
and subtraction of two hybrid numbers are defined by z1 +2z2 = (a1 a2) +
(b1£b2)i+(c1£c2)e+(di£d2)h. The addition operation is commutative and
associative, zero is the null element. With respect to the addition operation,
the inverse element of z = a+bi+ce+dh is —z = —a — bi — ce — dh. Hence
(K, +) is an Abelian group.

Using (7), we get the multiplication Table 2.

. i € h
i -1 l1—h|e+i
e| 1+h 0 —€
h|—(e+1)| e 1

TABLE 2. The hybrid number multiplication.

In the literature, we can find many papers in which hybrid numbers with
coefficients being consecutive terms of known sequences are investigated,
see for example [2, 9, 10].

The balancing and Lucas-balancing hybrid numbers were introduced in
[2] as follows. For a nonnegative integer n the nth balancing hybrid number
BH,, is defined as

BH,, = B, + By 1i+ Bpi2€ + By i3h,

where B,, denotes the nth balancing number. The nth Lucas-balancing
hybrid number C' H,, was defined as

C-Hn = Cn + Cn—i—li + Cn+2€ + Cn+3ha

where C,, is nth Lucas-balancing number.
In this paper, we define and study cobalancing and Lucas-cobalancing
hybrid sequences.

2. Main results. Let n > 0 be an integer. The nth cobalancing hybrid
number bH,, and the nth Lucas-cobalancing hybrid number cH,, are defined
as

(8) an = bn + anrli + bn+2€ + bn+3h
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and
9) cH, = ¢p + Cpy1i + Cpyo€ + cpysh,

respectively, where b,, is the nth cobalancing number, ¢, is the nth Lucas-
cobalancing number and i, €, h are hybrid units which satisfy (7).
Using (8), (9) and Table 1, we get

bHy = 2¢ + 14h,
bHi = 2i + 14e + 84h,

cHy = —1+1i+4 7e 4 41h,
cH; =1+ Ti+ 41e + 239h.

Theorem 1. Let n > 2 be an integer. Then
bH, = 6bH,,—1 —bH, 2 +2(1+i+e+h),
where bHy = 2e + 14h, bH, = 2i + 14e + 84h.
Proof. By formulas (8) and (2), we get
6bH, 1 —bH, o
=6 (bn—l + bnl + bn—&—ls + bn+2h) - (bn—2 + bn—li + bns + bn+lh)
= <6bn_1 — bn_Q) + (Gbn — bn—l) i+ (Gbn_H — bn) €+ (6bn+2 — bn+1) h
= (bn —2) + (bnt+1 — 2)i+ (bny2 — 2)e + (bpt3 — 2)h
=bH, — (2+2i+2e+ 2h),

which ends the proof. O

In the same way, using (9) and (3), one can easily prove the next theorem.
Theorem 2. Let n > 2 be an integer. Then
cH, =6cH, 1 —cH, o,
where cHy = —1+1i+T7e +41h, cH; =1+ 7i+ 41e + 239h.

Hence we get the Binet formulas for the cobalancing and Lucas-cobalan-
cing hybrid numbers.

Theorem 3. Let n > 0 be an integer. Then

n—% Bn—%
o

1 bH,, = v —

(10) Py L

where a, 8 are given by (6) and

1,

N =

B—

(11) a=1+ai+ao’e+a’h, B=1+p8i+8%+p°h, 1=1+i+e+h
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Proof. Using (8) and (4), we have
bH,, = by + byy1i + bpso€ + boysh

B O[ni% _ ané 1 N an+1f% _ IBH‘FI*% 1.
B a—pf 2 a—p 2 !

o g4

— ﬁ(l—i—ai—l—azs—i—a?’h)— B(1+6i+525+53h)

o —
— 5 (I+iteth),
which ends the proof.
Using (9) and (5), one can easily prove the next theorem.
Theorem 4. Let n > 0 be an integer. Then
(12) cH, = %a”_%d + %ﬁ”‘%ﬁ,

where o, B and &, B are given by (6) and (11), respectively.

Note that
(13) a+ =06,
(14) oa— B =42,
(15) af = 1.

By simple calculations we obtain

aB=1-apf+aB(a+pB)+ (aB)®+ (a+B+abla+B)(B—a))i

+ (o + 8% + aBla+ B)(B - a) + (af)*(a — B))e
+ (o’ + 8%+ af(a - B))h.
By formulas (13)-(15) we get
o + 8% = (a+ B)% — 208 = 34,
o3+ 8% = (a+ B)* —3aB(a+ B) = 198.

012 . anf% ,82 . ﬁnf% 1) <a3 . anf% 53 . an%
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Thus

(16) af =7+ (6 —24v/2)i + (34 — 20v/2)e + (198 + 4v/2)h.

In the same way we obtain

(17) Bé =T+ (64 24v2)i + (34 + 20v2)e + (198 — 4v/2)h

and

16 = 117 4 82v/2 + (100 + 70v2)i + (32 + 22v/2)e + (86 + 60v/2)h,
a1 = 117 + 82v2 + (—92 — 66V2)i + (4 + 2v2)e + (114 + 80v/2)h,
16 = 117 — 82v/2 + (100 — 70v/2)i 4 (32 — 22v/2)e + (86 — 60v/2)h,
Bl =117 — 82v/2 + (=92 + 66v2)i + (4 — 2v/2)e + (114 — 80v/2)h.

(18)

Theorem 5 (General bilinear index-reduction formula for cobalancing hy-
brid numbers). Let a > 0, b > 0, ¢ > 0, d > 0 be integers such that
a+b=c+d. Then

bH, -bH,—bH.-bHy

joN
> ~—
>
=
=
e >
=}
3
)
S.
<
(‘b
3
(=l
<
—~
D
SN—
=}
3
ISH
—~
—_
D

where o, B and &B, Bd, 1&

respectively.

Proof. By (10), we have
bH, -bHy, —bH.-bHy

50—%ad—% B& B l@c—% . ad—% id B ﬁd_%
(a—p)? 2(a - ) 2(a = ) 2(a = p)

and after calculations we get the result. O
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Using (12), we can prove the next theorem.

Theorem 6 (General bilinear index-reduction formula for Lucas-cobalanc-
ing hybrid numbers). Let a > 0, b > 0, ¢ > 0, d > 0 be integers such that
a+b=c+d. Then

cH, -cHy, —cH. - cHy

_ <1aa—;5b—; !

1 1 I
4 1

5 1
c—éﬁd—é> d,@—i— <4Ba—%ab—2 _

where a, B and &f3, Bé are given by (6) and (16)—(17), respectively.

For special values of a, b, ¢, d, by Theorems 5-6, we can obtain some
identities for cobalancing and Lucas-cobalancing hybrid numbers:

d’Ocagne type identity — fora=n,b=m+1,c=n+1,d=m,
Vajda type identity —fora=m+r,b=n—r, c=m, d = n,

first Halton type identity — fora=m +r, b=n,c=r,d=m+n,
second Halton type identity —fora=n+k,b=n—k, c=n-+s,
d=n—s,

Catalan type identity —fora=n+r,b=n—r, c=d =n,

e Cassini type identity —fora=n+1,b=n—-1,c=d =n.

At the end, we give the generating functions for cobalancing and Lucas-
cobalancing hybrid numbers.

Theorem 7. The generating function for cobalancing hybrid number se-
quence {bHy} is

_ 2e+14h+ (2i — 14h) ¢t + (2 + 2h) ¢

9(t) (1—6t+12)(1—1)

Proof. Assume that the generating function of the cobalancing hybrid num-
ber sequence {bH,} has the form g(t) = > "> ;bH,t". Then

g(t) = bHy + bH it + bHot> + - - .
Hence we get
—6t - g(t) = —6bHot — 6bH t* — 6bHat> — - - -
t2. g(t) = bHot? + bH1t® 4+ bHot™ 4 - - - .
By adding the above three equalities, we get

g(t)(1 — 6t + %) = bHy + (bHy — 6bHy) t + (bHy — 6bH, + bHy) t2
+ (bH3 — 6bHy + bH ) t3 + - - - .
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As we know, t24+t3 4+ ... = 1’%, so adding this equality multiplied by —2-1
to the above, we obtain
o 2t°1
g(t)(l —6t+1 )— 11 =bHy + (le —GbHQ)t
+ (bHy — 6bH; + bHy — 21) > + (bHj3 — 6bHy + bHy — 21) ¢ + -+

and we have

(1) = [bHo + (bHy — 6bHp) t] (1 — t) + 2t21

A= (1—6t+2)(1—1) :

since bH,, = 6bH,,_1 —bH,_2+2(1+i+¢e+h) = 6bH,_| —bH,_o+21 (see
Theorem 1) and the coefficients of t" for n > 2 are equal to zero. Moreover,
by simple calculations we have

(1) = bHo + (bHy — TbHo) t + (21 — bHy + 6bH,) t*
I = (1—6t+2)(1—1)

and
bH, — TbHy = 2i — 14h, 21 — bH; + 6bH, = 2 + 2h.

In the same way we can prove the next result.

Theorem 8. The generating function for Lucas-cobalancing hybrid number
sequence {cHy} is
_ —1+i4+7e+41h+ (T+i—e—Th)t
B 1—6t+12 '
Concluding Remarks. In [8], the authors showed that cobalancing num-
bers are very closely related to the Pell sequence and the Lucas-cobalancing
numbers — to the associated Pell sequence. The hybrid Pell numbers were
introduced and studied in [10]. Using some relationships between cobalanc-
ing and Pell numbers, one can look for relationships between cobalancing
and Pell hybrid numbers.

In [4], Ozkog generalized the cobalancing and Lucas-cobalancing numbers
in the following way. Let bf’z denote the nth k-cobalancing number and sz
denote the nth k-Lucas cobalancing number which are the numbers defined

by

G(1)

b = 6kbE | —bF_ 5 +2 for n > 2, with bf = 0,b} =0,

& =6k | —F ,forn>2 withcf =6k—7,F =1
for some integer k > 1. Similarly to the previous considerations, we have
defined additionally bf = 0 and cf = 6k — 7. For k = 1 we obtain classical
cobalancing numbers and Lucas-cobalancing numbers. Using these general-

izations, we can define generalizations of cobalancing and Lucas-cobalancing
hybrid numbers.
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The results presented in this paper have the potential to motivate further
researchers of the subject of generalizations of cobalancing hybrid numbers
and links of cobalancing hybrid numbers with Pell hybrid numbers.
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