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Inclusion and neighborhood properties
of certain subclasses of p-valent functions
of complex order defined by convolution

ABSTRACT. In this paper we introduce and investigate three new subclasses
of p-valent analytic functions by using the linear operator DY',(f * g)(z).
The various results obtained here for each of these function classes include
coefficient bounds, distortion inequalities and associated inclusion relations
for (n,8)-neighborhoods of subclasses of analytic and multivalent functions
with negative coefficients, which are defined by means of a non-homogenous
differential equation.

1. Introduction. Let A,(n) denote the class of functions of the form
oo

L) f@) =+ at (> ppneN={1,2,.}),
k=n

which are analytic and p-valent in the open unit disk U = {z : |z| < 1}. The
Hadamard product (or convolution) of the functions f(z) given by (1.1), and
g(z) € Ap(n) given by

(1.2) g(z) =2 + Z brz®  (n > p; p,n €N)
k=n
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is defined by
(1.3) (f*g)(z) = 2 + Zakbkz = (g% f)(2).

For functions f,g € A,(n), we define the linear operator Dy, - Ap(n) —
Ay(n) (A >0; p,neN; meNy=NU{0}) by

(1.4 DY, (f 9)(2) = (f * 9)(2).
(15) Dh,(f 9)(:) = DaylF * 9)2) = (1= N(F )(2) + 22(F w9 (2)
and (in general)

D (f #9)(2) = Dag( D % 9)(2)

m— )\ m—
= (1= NDY, (Fe0)(e) + 5 (D3 +9) ()

= 2P + Z |:p7+)\§)k—p)} " akbkzk

(A>0;p,neN;meNy; zeU,).

The operator DY, (f * g)(z) = DY'(f * g)(2) was introduced by Aouf and
Seoudy [6].

We note that
(i) for A =1 and by, = 1 (or g(2) = £2), DY (f = g)(z) = Dy f(2), where
the operator D) is the p-valent Salagean operator introduced and studied
by Aouf and Mostafa [5], Kamali and Orhan [11] and Orhan and Kiziltunc
[13];
(ii) for by = 1 (or g(2) = 1Z_pz), DY (f*g)(2) = D', f(2), where the operator
DY) was introduced and studied by El-Ashwah and Aouf [8].

For a function f(z) € Ap(n), we have

(1.6)

(L7) (DR, +9)(2) D = 6(p )2~ + 3 (0 q) [P2E2] " b,
k=n

(A>0;p,neN; gmeNy; p>gq; z€U), where

1, (¢ =0),
(1.8) 5(p’Q)_{p(p—l)...(p_Q+1)v (¢ #0).

We denote by T),(n) the subclass of Ay(n) consisting of functions of the
form

(1.9) f(2) :zp—Zakzk (n>p; ap > 0; p,n € N).
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For a given function g(z) € A,(n) defined by
(1.10) g(z) =2 + Zbkzk (by > 0; n>p; p,n€N),

we now introduce a new subclass C(g(z);n, m,p, A\, 3,b) of the class Tp(n)
of p-valently analytic functions, which consists of functions f(z) € Tp(n)
satisfying the inequality

1 [ 2Dy, (f%9)(2) @D 4y22(DY (fxg)(2))(a+2)
(L11) 'b {(1w)fD:fp<f*g>(z)><q>+wz(D;€<f*g>(z>><q+1> — - Q)H <h

A>0pneN;¢gmeN; 0<y<1;p>¢q;0<B<1;beCr=C\{0};
zeU).
We note that
(1) C4(g(2);n,0,p, A, 1,b) = Sy(p,n, b, q)
(Prajapat et al. [14]);

(2) &5 (Z” + Z+ (';%f) 25n4p,0,p, ), 1,b> = Shq(p,7,7,b)
=n+p
(x>0 and r € Ny) (Srivastava et al. [18]);

00 _\17 r
(3) Cq(Z“r > {1 + %} Z’“;n+p,0,p,/\,1,b> = Hpyq(b,¢,m)
(¢,n,reR; ¢ >0,7>0,r>0) (Mahzoon and Latha [12]);
(
(

1) €9 (Zain+p,0,p,1,8,0) = S1,(7,8,0)
Altintag et al. [2]);

(5) C¢ (Zp + k:%p (“ﬁ;l)z n—+p,0,p,\ 1, b> HE ,(11,b)
(> 0) (Raina and Srivastava [15]);
(6) C5 (f_pz;n +p,0,p,\p—q - a, 1)

=4 <1sz;n+p,0,p,)\,1,p— q—a) =Tn(p,q,,7)
0 <a<p-—q) (Altintas [1]);

) C3(g(2);m,0,p, A, B,b) = C3(g(2);m, p, B, D)
rivastava and Orhan [17] and Aouf [4]);

8) C, (1 —in,m,p, A, B3, ) = Th—p(m,p, A\, b, )

(
(7
(S
(
(El-Ashwah and Aouf [8]).
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Also, we note that

(1 ¢4 <zp+2[p+f;<+é€ p)} 2*n,0,p, A, 5,>
CI(¢, 4, s3m,p, B, ))
IS5(C0) £(2) @422 (15(C,0) f(2)) (212
{feT { GOSN TDR2UICOND) D —q)}'<6,

NS¢0 f (=) ﬂZ(I*(C 0)f(z))la+1)
p,mEN; ¢,s €Ny 0<y<1;p>¢q 0<B <

E,(ZO;bG(C*;ZGU},

where 1,;((, ) is an extended multiplier transformation (see Catas [7]), de-
fined by

(e}

L(GOf() = 2 = 3 [HEen g ok
k=n
(4, > 0; pe Nand s € Ny);
(2) €I (immp A Bb)
- Cg(n7 m,p, )‘7 57 b)
2D F(2) T 4922 (DR, 7(2) 0+
{f €Tpn): {(1 DT, TN @05 @)@ p_Q)H <B,

pneN; gmeNy; beC 0<y<1; p>g;

O<B§1;)\ZO}.

Also let R4(g(z);n,m,p, A, B,b) denote the subclass T),(n) consisting of
functions f(z) of the form (1.9) and the function g(z) of the form (1.10)
which satisfy the following inequality:

m (fy0)(2))(D m (fyxq)(z))(2+1)
é{(l_w)(Dw(f PEN@ (DR, (x9N _5(p7q)}‘<5

@ E

(1.12)

A>0pneN;gmeN; 0<y<1;p>q0<B<1;beC2zel).
In this paper we shall study some properties of the classes C%(g(z2);n,m,
p, A, B,b) and RL(g(z);n,m,p, A, B,b) and derive several results for functions
in the subclass HY(g(z);n,m,p, A, B,b, a) of the function class Tj(n), which
is defined as follows:
A function f(z) € Tp(n) is said to belong to the class Hi(g(z);n,m,p, A,
B,b,a) if w = f(z) satisfies the following non-homogenous Cauchy—Euler
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differential equation:

d92q dit1ly dw
2
- +2(1 S 1 -
(L.13) St ( +a)zdzq+1 + af +a)d2q
dik
=p-—q+a)p—qgtat+l)——

dz4’

where k(z) € C(g(z);n,m,p,\,3,b) and @ > q¢—p, « € R, p € N, q € N.

2. Basic properties of the classes Cg(g(z);n, m,p, A, 3,b) and
Rg (g(z);n, m,p, A, B,b). We begin by proving a necessary and sufficient
condition for a function belonging to the class Tj,(n) to be in the class
Ci(g(2);n,m,p,\, B,b).

Theorem 1. Let the function f(z) € T,(n) be defined by (1.9) and let g(z)
be defined by (1.10). Then f(z) is in the class C4(g(z);n,m,p, A, 8,b) if and
only if

o0

on 2 lbmpE ALtk = g - D] [PREERTT 8k oy
: k=n

< BB+~ —q-1]dp )
Proof. If the condition (2.1) holds true, we find from (1.9), (1.10) and (2.1)
that

(D (f % 9)(2) T 4 422(DR (f + 9)(2)) 02
— (0= 0) [(1= DL (F * ) ()@ + 2D (f + 9)(=) @]

= B[b [(1 = DDEF 9D +72(DF(f * 9) ()|
= ‘5(]9’ q+1)2P79 — i [er/\(pkfp)]m 5(k,q + 1)akbk2k_q
k=n

+98(p,q +2)2770 = 30 [P 5k, g+ 2)aybezt

k=n
o0

~ =) (1= 80 = 31 = [P ok gt
k=n

+y3(p, g+ 1)1 — Z Y [p7+)\;k7p)} 6(k,q+ 1)akbkzk_q]

k=n

- BH(l —7)d(p,q)2" " — iu —9) [pﬂ;k—p)}m §(k, q)arbpz"1
k=n

+y0(p, g+ 1) =y [LA?_’”)} o(k,q+ 1)%%2’““’]
k=n
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o0

= >k = p) [k — g = D] [PRE2] 5k, g)agbz
k=n

- B‘b [(1 +7(p—q—1))d(p,q)2"1

- Z (1+~(k—q—1) [ e p)} 5(k,q)akbkzk‘q}

< Z(k‘ —p)[L+7(k—g-1) [W]m 6(k, q)arby |2
k=n

—BW{U+7@—q—1HMn®

—§:1+7 - 4= 1] [P242)" ok ghaut 4|

<3 [k p+ B0 — g - D] [P 5k gty
k=n

— Bl +vp—q—-1)]d(p,q) <0

(z € OU = {z:z€ Cand |z|=1}). Hence, by the maximum modulus
theorem, f(z) € C4(g(2);n,p, 8,b).

Conversely, let f(z) € CY(g(2);n,p,3,b) be given by (1.9) and g(z) be
given by (1.10). Then from (1.7) and (1.11), we have

1 {(z(Di’?pu*g)<z>)<q+1>+722(D"%p<f*g><z)><q+2> B p_q)}

=) (DT, (Fr9) @725 (Frg) (2)) D
(2.2) 1 £ te-plir gl [PAE] s0g)antet v
B [ oy e | e

< B.

Putting z = r (0 < r < 1) on the right-hand side of (2.2) and noting the
fact that for » = 0, the resulting expression in the denominator is positive
and remains so for all r € (0, 1), the desired inequality (2.1) follows upon
letting r — 17 O

Theorem 2. Let the function f(z) € T,(n) be defined by (1.9) and g(z) be
defined by (1.10). Then f(z) is in the class Ri(g(z);n,m,p, A, B,b) if and
only if

23) Y p—a+alk—p) [P 5k gabi < 810 (0= ).
k=n
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Corollary 1. Let the function f(z) € T,(n) be given by (1.9) and g(z) be
defined by (1.10). If f(z) € C4(g(z);n,m,p, A, B,b), then

BIo|[1+~(p—g—1)]d(p.q)
= p+ B1bl) [1 + (b — g — 1)] [Z2E2]" 6k, )b
(k>n;A>0;0<y<1;,0<B<1;beC* pneN;qgmeN).

The result is sharp for the function f(z) given by
bl [1 —q—1)]6

(2.5) f(z) = 2P — B[+ ~v(p—q—1)] (p7Q)+A(k_) ok
6(ksq) b = p + BIB]| [1 + 7k — g — 1)] [E2E=2 T g
(kzn;AZO;O§7§1)O</BS1)bE(C*7p7n€N7Q7m€N0)

(2.4) ar <

We next prove the following growth and distortion property for the func-
tions of the form (1.9) belonging to the class Ci(g(z);n, m,p, A, 8,b).

Theorem 3. If a function f(z) defined by (1.9) is in the class C3(g(z);n, m,
D, A, B,b) and g(z) defined by (1.10). Then

£ ()] = [21°]
(2.6) < B[l +~p—q—1]dP,q)
T (= p+ BB [+ — g — 1] [ZRE2]" 5(n, )b,
A>0;pneN; gmeN; 0<~y<1L;n>p>qg 0<p<1;beC*
z € U) and (in general)
[£7 )| = o) 2P
27 _ Bl +7(—g=1D](n—q)'(p,q9)
T (—p+ A=) [y — g - 1] [P,

(zeU; pneN;n>p; m,qeNy;r<qg<p;p>max(r,q); N\>0). The
result is sharp for the function f(z) given by

bl |1 —qg—1)]d
(2.8) f(2) = 27— B[ [1+~(p—g—1)]d(p,q) n

(0= p+ A1) 1 +7(n— - 1] [222=2] 5, q)b,

| n

|z

’Z|TL7T

(n>p;p,neN ).

Proof. In view of Theorem 1, we have

(n=p+ B[+ 50— g = 1] [E2E2]" 60,0060 Y

Z [k =+ BB 1+ (k= g — 1] [PRE2 ] 500, qardy

| [L+~(p—q—1)]dp,q),
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which readily yields

(29 > a <
k=n (

Also, (2.1) yields

BIo|[1+~(p—q—1)]d(p,q)

n—p+B1bl) [1+(n — g — 1] [22E2]" 5(n, g)b,

B [1+~(p—q—1)](n—q)!d(p,q)

n—p+ BB [1+ (0 —q - 1) 2202,

(210) Y Ko <
k=n (
Now, by differentiating r times both sides of (1.9), we have

(2.11) FNz) = 6(p,r)2P" = 6(k,m)agz" "
k=n

(p,neN;reNy p>r).

Theorem 3 follows from (2.9), (2.10) and (2.11). Finally, it is easy to see
that the bounds in Theorem 1 are attained for the function f(z) given by
(2.8). O

3. Properties of the class H_‘;(g(z); n,m,p, A\, 3,b, ). Applying the
results of Section 2, which are obtained for the function f(z) of the form
(1.9) belonging to the class C1(g(2);n, m,p, A, 8,b), we now derive the corre-

sponding results for the function f(z) belonging to the class H¥(g(z); n, m,p,
A? 57 b? a).

Theorem 4. If a function f(z) is defined by (1.9) and g(z) is defined by
(1.10), and f(2) is in the class Hi(g(z);n,m,p,\, B,b,a). Then

1£()] = I=P)
31) o B+ —g=DIp-a+a)p—g+at+1)ipq) 2|
" (n=p+B 1)1+ (n—g= D] PRS2 (0 —g+a)d(n, q)ba

and (in general)

£ - s lep
(32 _ B A+9(-g-Dl p-g+a)p-atatD)(n=)5p:q) | n-r

" (n=p B+ (n—g = D][EEE] (- g+ a) (1)1,

(p,n € N;m,qg € No; 7 < ¢ <p; p>max(r,q); 0 <y <1;0< <1
be C* X\>0; z€ U). The results in (3.1) and (3.2) are sharp for the
function f(z) given by

B1616(p, g) M+v(p—g=D] (p—g+)(p—g+a+l)

(33) f(5)=2"~ (n+B[b)é(n+p, )1+ (n+p—g=1)](n+p—g+a)bnip 8
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Proof. Assume that f(z) € T,(n) is given by (1.9) and g(z) given by
(1.10). Also, let function k(z) € C4(g(z);n,m,p, A, 8,b), occurring in the
non-homogenous differential equation (1.13) be of the form:

(3.4) k(z) = 2P — Z cp2
k=n

(ck > 0; n > p; p,n € N). Then, we readily find from (1.13) that

_pmgta)lp-gtatl)
(k—gq+a)(k—qg+a+1)
(k > n;p,n € N), so that

(3.5)

(p—q+a)p—q+a+l)

3.6 =P
(86)  f(z) Za”“'z — ;(k—q+a)(k—q+a+1)ckz
(z €U), and
+a)p—qg+a+1)
3.7 — 2P| < (P4
CON FOTREY u|§j B[ e

(z € U). Next, since k(z) € Cg(g(z); n,m,p, A, 8,b), therefore, on using the
assertion (2.4) of Corollary 1, we get the following coefficient inequality:

BIb|[1+~(p—q—1)]d(p,q)
(n=p+ B L+ — g - D] [F2E]" 6(n, g)b,

(38) cr <

k>nn>p>¢gA>0,0<y<150<pB<1pneN;gm e Ny
b € C*), which in conjunction with (3.6) and (3.7) yields
()] = |2"]
BPIL+~v(p—g—D]p—qg+a)(p—q+a+1)ip,q) 2|
(3.9) m—p+5wwu+wn—q—wﬂﬁ%?ﬂ}am@wn

1
X
Z k—q+a)k—-—q+a+1)

(z € U). Note that the following summation result holds

) 1 oo . ,
(3.10) kz:% (k=g+a)(k—g+at1) ,;L <(k—q+oc) - (k—q+a—|—1)>
1
~ (n—q+a)’

where v € R* = R\{—n,—n — 1,...}. The assertion (3.1) of Theorem 4
follows from (3.9) and (3.10), respectively. The assertion (3.2) of Theorem 4
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can be established similarly by applying (2.10), (2.11), (3.5) and (3.10),
respectively. O

4. Inclusion relations involving (n, #)-neighborhood for the classes
Cg(g(z); n, m,p, A, 3, b), Rg,(g(z); n,m,p, X, 3,b) and Hg(g(z); n,
m,p, A, B,b, a). Following the works of Goodman [10], Ruscheweyh [16]
and Altintag [1] (see also [2], [3] and [9]), we define the (n, #)-neighborhood
of a function f(@(z) when f € T,(n) by

Ng’p(f(q), k()

= {keTp(n):k(z):zp—Z cpz" and Zké(k,q) lag —ci| < 9} .

k=n k=n

(4.1)

It follows from (4.1) that, if
(4.2) h(z) = 2
(p € N), then
0
Nn,p(h(q))
(4.3)

=<k eTy(n):k(z) = zp—z cpz"® and Z ko(k,q) |ck| <6
k=n k=n-+p

Next, we establish inclusion relationships for the function classes C%(g(z);
n,m,p,\, B,b) and Ri(g(z);n,m,p,\, 3,b), involving the (n,d)-neighbor-
hood ng(h(‘”) defined by (4.3).

Theorem 5. If by, > b, (k>n) and
b [1 —qg—1
(4.4) 09— npbl[1+~(p—q—1)] (A)
(n—p+ Bl [1+(n — g - 1)] [E2E=2] ",

(p > |b]), then
(4.5) C4(g(2);n,m,p, A, B,b) C NI (h'D).

Proof. Let f € C4(g(z);n,m,p, A\, B,b). Then, in view of the assertion (2.1)
of Theorem 1, and the given condition that by > b, (k > n), we have

(n—p+ B1bl) [1+7(n — g — 1) [p“”p] by ZM Da

(4.6) P
<B[L+~p—q-1)]6p,q)
so that
S BIbl[1+~(p—q—1)]6p,q)
(4.7) 5(k, q)ax < S
e 20— 1) | |y,
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On the other hand, we also find from (2.1) and (4.7) that

> ik, a < [1i '3'(:_7“’ )]q[p+iziéifjgfbn + (p—B\b\)z::é(k,q)ak
BIb[[1+~(p—qg—1)]dp,q)
C[l+y(n—g- )][ peAn-p) p)]mbn
(p—BIBNBILI[L+v(p—q—1)]6(p,q)
(n=p+ BN L+ — g - ] [FRE=2]",

+ )
p

that is

=0.

(4.8) i 5(k, q)kay, < nB1blé(p,q) [L +v(p—gq—1)]

k=n (n—p+B1b) [1 +(n — g — )] [22E=D] ",

This evidently completes the proof of Theorem 5. g

Remark 1. (i) Taking g(z) = %, b=+, m=0and y=\in Theorem 5,
we obtain the result obtained by Altintas et al. [2, Theorem 2];

(ii) Taking g(2) = &=, b = 1, 6—p—a(0<a<p) and v = A in
Theorem 5, we obtain the result obtained by Altintas [1, Theorem 2].

Putting g(z) = 2P + ) p—,, [%ﬁr 28 (0,¢>0; s € Ng) and m =0

in Theorem 5, we obtain the following corollary.
Corollary 2. If f(z) € T,(n) is in the class C1((, ¢, s;n,p, B,b), then
. 0
CL(C. L sim,p, B,b) € Ny, (W),
where h(z) is given by (4.2) and

_ 0B+ —q—1)]p,q) < I, >
(n—p+BEN)A+rn—g-D)] \p+L+{(n—p))

Putting g(z) = 2P + > 72 [WF 2k (¢ >0; s € Np) and m =0 in
Theorem 5, we obtain the following corollary.

Corollary 3. If f(z) € T,(n) is in the class C3(C, s;n,p, B,b), then
. 0
C4(¢, 5im,p, 8,0) C Ny (h),
where h(z) is given by (4.2) and

_ B[+~ —qg—1)]d(p.q) ( p )8
(n—p+B)L+yn—qg-1] \p+¢(n—p)/) °
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Theorem 6. If

B1bl(p—q)
p—a+y(n—p)] P22 ",
then
(4.10) Ri(g(2);n,m,p, A, B,b) C Ngm(h(q)).

Proof. Let f € Ri(g(z);n,m,p, A\, 3,b). Then, in view of the assertion
(2.3) of Theorem 2, we have

[p—q+~(n—p)] [W}mbn o0
> 5k, q)kax
k=n

n

<> lp—a+rk—p) [W} " 6(k, q)axby

so that

(4.11) i 5k, qka < nsbltp = q) — 9,

k=n [p—q+~(n—p) [W} bn

which by means of the definition (4.1), establishes the inclusion (4.10) as-
serted by Theorem 6. U

Theorem 7. If f(z) € T,(n) is in the class HY(g(z);n,m,p, A, B,b, ), then
(4.12) H{(g(2);n,m,p, A, B,b,@) C Ny, (f D, kD),

where k(z) is given by (1.13) and

(4.13) 6= nB bl 1+y(p—g-—D]ln+(p—qg+a)(p—qg+a+2)]épq)

(n—p+ Bl [1+7(n — g — 1] [E2ER]" (0 — g+ a)b,

Proof. Suppose that f(z) € Hi(g(z);n,m,p, A, B,b,«). Then upon substi-
tuting from (3.5) into the following coefficient inequality

(4.14) > k(K q) lag — el <D kS(k,q) lex] + > kd(k, q) |ak|

k:n k::n k?:’I’L

(ag; ¢ > 0), we readily obtain
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E ké(k,q) |lar — e < E ké(k, q) |cx
k=n k=n
- (p—gq+a)(p—gq+a+1)
ko (k .
+ 3 Kok, (F—q+a)(k—g+at1) ™

(4.15)

Now, since k(z) € Ci(g(2);n, m,p, A, 3,b) the second assertion (4.8) yields

nBblé(p,q) [1 +~(p—q—1)]

(4.16)  kd(k, q)ex < .
T = p AN [+ (n— g - 1) [P,

Finally, by making use of (4.8) as well as (4.16) on the right-hand side of
(4.15), we find that

> 6(k, q)k lay, — cxl
k=n+p

nB b [1+~(p —g—1)]d(p,q)
(n=p+BIo]) [1+7(n— g — 1] [22E=2]"p,
p—q+a)p—qg+a+l)
(1+ Z q+a(kq+a+1))

k=n-+p

<

_ Bt +yp—g=D]n+(P-g+a)lp—g+a+2)]ipq)
(n— p+5wDH+%n—q—UHn+p—q+aw”M$pq bn
=4,

we conclude that f € Ngvp( fla), k(q)). This evidently completes the proof of
Theorem 7. ]

5. Neighborhood for the classes C_‘;’C(g(z); n,m,p, A, 3,b) and R?Y’C
(g(z);m, m,p, A, 3,b). In this section we determine the neighborhood for
the classes C’g’c(g(z); n,m,p, A, 3,b) and R%’C(g(z); n,m,p, A, 5,b) which we
define as follows. A function f € T),(n) is said to be in the class C’g’g(g(z); n,
m,p, A, B,b) if there exists a function k € C%(g(z);n,m,p, A, 3,b) such that

(5.1) ‘z—4<p ¢

(z€U; 0< (<)



46 R. M. El-Ashwah, M. K. Aouf and S. M. El-Deeb

Theorem 8. If k(z) € C(g(z);n,m,p, A, 3,b) and

| e

o =y 81Dl =g [ ZEASE ] 000, Blb 10— 1) |
then
(5.2) N, (ED) € C2¢(g(2);n,m, p, X, B.b),
where

6 < np [6<n, Q) — Bl [+ — g 1] 5(p.q)

X {(n—p+ﬁ|b|)[1+7(n_q_ 1)] [W}mbn}_l].

Proof. Suppose that f € Ng,p (k(q)), then we find from the definition (4.1)
that

(5.3) > 6k, )k |ay, — x| <6,

k=n

which implies the coefficient inequality

- 0
. — <
o4 2l =l < e

(p > q; n,p €N, g € Ny). Next, since k(z) € Ci(g(2);n,m,p, \, 3,b), we
have

S o < BIDL[L+(p — g~ D]6(p,q)
= =p BB Ly — g — 1] [2202]" 5, )b
so that
He o
_ 1‘ <k
#e) 15 ol
k=n
0
nd(n,q)

IN

Blbl+y(p—g—D]3(pa)
(n=p 81D 1+ (n—q— 1) [FEE=2] " 5(n,)br

pAn=p)]™,
p mn

6(n—p+BIb)[1+(n—q1)] [

| e e K R A IR
=p—- Cv
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because by the assumption

O(n—p+B|b])[1+y(n—g—1
[p+/\(n—p) ] "
P

pA(n=p) |"
Dl

(=p-—

o (= 81D+ (141 ()b BlO )1+ (—a-1)] |
This implies that f € C’g’g(g(z);n,m,p, A, B3,0). O
Similarly, we can prove the following theorem.

Theorem 9. If k(z) € Ri(g(z);n,m,p, A, 3,b) and

9@—q+7m—pHFﬁ%jﬂ bn

(5:5) C=p—— (o= a2 2252 " 5(n, )b~ B8] (- )}

then

5 N (K9) € RIS (g(2)sm,mp. A, 5.0).

where
egnppmg%ﬁﬂw@—@{@—Q+7m—p”VHglﬂm%}A}
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