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ABSTRACT. For simply connected planar domains with the maximal confor-
mal radius 1 it was proven in 1954 by G. Pdlya and M. Schiffer that for the
eigenvalues \ of the fixed membrane for any n the following inequality holds
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where A(®) are the eigenvalues of the unit disk. The aim of the paper is to
give a sharper version of this inequality and for the sum of all reciprocals to
derive formulas which allow in some cases to calculate exactly this sum.

1. Introduction. Let D C R? be a bounded simply connected domain.
We consider the following eigenvalue problems [1]: the eigenvalue problem
of the fixed membrane
) Au+Au=0in D
(1) u=0on 0D
and the eigenvalue problem of the free membrane
Av+ pv=01in D

2
@) @:OODaD,
on

where n stands for the normal to 9D, A and pu for the eigenvalue parameters.
It is well known that there exist infinitely many eigenvalues with finite
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multiplicity:
O0< A <A< As...,
O=p1 <pe<p3....

The aim of this paper is to sharpen the following isoperimetric inequality
proven by G. Pélya and M. Schiffer in 1954 [9] for the eigenvalues of the
fixed membrane. For any n,

1
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where A\ are the fixed membrane eigenvalues of a domain D with maxi-

mal conformal radius 1 and /\;O) are the fixed membrane eigenvalues of the
unit disk. Many authors dealt with this problem, among others J. Hersch,
C. Bandle, R. Laugesen and C. Morpurgo [1, 7, 4]. For the free membrane
eigenvalues (3) was proven by the first author in [2, 3, 5]. On the one hand,
we prove a sharper version of this inequality for the fixed and free membrane
problem and on the other hand, we are able to give formulas for the sum
of all reciprocals containing only the coefficients of the series expansion of
the conformal mapping. In some cases we are able to calculate exactly this
sum. Besides we prove some monotonicity results.

2. Fixed membrane problem. The eigenvalue problem of the fixed mem-
brane (1) in a planar domain D is conformally equivalent to the following
problem in the unit disk U

Au+ulf' () =0in U,

“‘aU =0,

/uluj‘f/(Z)PdAZ :6137 7').7 = 1727"' )
U

where f(z) denotes the conformal mapping from U onto D, u; denote the
eigenfunctions and d;; the Kronecker delta. We use the same notation for
the transplanted eigenfunctions.

2.1. Isoperimetric inequalities. Our goal is the following.

Theorem 1. Let u,(:) be the eigenfunctions of the fixred membrane problem in

the unit disk, )\l(:) the corresponding eigenvalues and let f(2) = z+ag2?+. ..
be a conformal mapping of the unit disk onto D with the eigenvalues Ag.
Then, for any n > 1 we have
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In order to prove this theorem we need some lemmas and we follow the
basic ideas in [5].

Lemma 1.

we [ [ GO @GOG aAAA = 5.

n

where the mazimum is taken over all function h € L*(U) with
| sl @laa. =0,
U

j=12,...,n-1, [; h?dA = 1. G(z,¢) denotes the Green’s function of the
unit disk. Equality holds for h = uy|f'(2)].

Proof. We have [2, (2.9)],

Z ) (2)]ui (O (]

— ]

G(z O (I

which yields

it wi(2)h(2)| (2 2
/)/nG |h(z Hf()VdCﬁugdACZ:EZ(fb g()h&?f( )|dA)

<1/#M:1
M o A

for a function A satisfying the conditions given in the lemma. We have
equality if h = u,(2)|f'(2)]. O

Lemma 2.

Immmm/l/G ()u()m(mAdAp_;

n

where the maximum is taken over all n-dimensional linear spaces L, C
L*(U) and the minimum is taken over all h € Ly, ||h||2() = 1. Equality
occurs for L, = {u:u=cru|f'(2)| + - + caun|f'(2)], ¢; € R}.

Proof. For h € L?(U) which satisfies the conditions of Lemma 1 we get
1 / /
Az//G@OUwWMHMWM&Mc
> min [ [ GO @I O aA A

In every n-dimensional subspace there exists such a function A and conse-
quently,

. / / 1
macnin [ [ G QI G OMOaA A < -
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We take the space L, = {u = ciu1| f'(2)| + - - + coun|f'(2)], ¢; € R} and
obtain the opposite inequality, which completes the proof. O

Lemma 3.
ffgmwi//mmwwm@ﬂmwwww,
— Aj Ln == JuJu

where {h;}' | is a basis of Ly satisfying the orthonormality conditions
Jiy hihjdA = by Equality holds for L, = {u : v = crur|f'(2)| + --- +
cntn|f'(2)], ¢; € R}

Proof. There exist a function h, € L,, with ||h,|| =1,

/th@Ww@MAz&
U

j=1,...,n—1, and a function h,,—1 € L,, with ||h,—1]| = 1,

/ Bt | F(2) |y (2)dA = 0,
U

j=1....n—2, fU hphn—1dA = 0, etc. Finally there exists a function
hi € Ly with [|h]| = 1, [; hih;dA = 0,5 = 2,...,n. From Lemma 1 it
follows that

1 N L
MZALQMWVMAW@MMWM&J Lo,

which establishes the inequality in the lemma. Taking h; = u;|f'(2)|, j =
1,...,n, we obtain the equality in the last inequality, which completes the
proof. O

Proof of Theorem 1. We use Lemma 3 with h; replaced by h;|f’| and
obtain

ni—maxn z "(2))2hi(2)|f (O Ry
S5, = [ [ GO RGO RO

with [ hihj|f'(2)|?dA = 6;5, 4,5 = 1,...,n. We will show that there exists
a set of functions {h;}7_; satisfying the condition mentioned above and

J
hj = ZCjZ’uZ(-O), Cjj 75 0.
=1

With ¢117 # 0 the function hy = cnugo) satisfies fU hi|f'(2)|?dA = 1. We
choose ¢a1, €99 such that fU haohi|f'(2)|?dA = 0 and fU R2|f'(2)2dA = 1
and evidently coo # 0. In general, it is easy to see that there exist constants
¢j1, - - -, ¢j5 such that fU hihilf'(2)|?dA = 8;5,i = 1,...,j. We now proceed
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by induction that c¢;; # 0, j = 1,...,n, then a consequence of c;; = 0 is
¢j—1j—1 = 0. The Hilbert-Schmidt theorem yields

/G dAz—ijk , jk:/Uhjulgo)‘f/(z)PdA

which implies that

| [t h()IF (R (QdAdA = 3 %
k=1 "k

Consequently,

n n

)LD O I RIOSIIEIE MO IRIEAGEYRA

| B (X))

It is proven that the lower-triangular matrix of the coefficients c;; is nonsin-
gular and we obtain ugj) = 21 grihi- We have bj, = [,/ |f'(2)|*h; uko)dA =

S 1f/(2)|*h; 21 grihidA = gi; because of the orthogonality of the functions
hj. It follows that

n n o 2
S #e=d ok = [ a1 ) Paa
j=1 j=1 U

For a radial eigenfunction we have

2 s 2 ..
| @R =143 Plagl [ a0 aa
2

(0) (0) , (0)

For a non-radial eigenfunction u;~ there are two eigenfunctions u;”, u; 7,

2
with the same eigenvalue such that u; 0)? + “k(+)1 is radial. It follows that

J (" )i >'2dA—2+Zy ot [ (s w87} 2

For the non-radial eigenfunctions we take the eigenfunction with

0)2
/Uu’(ﬂ)|f()|dA>1+Z] |aj|2/ (0)2 #26-1 g4

which establishes the theorem. O

We can cancel the eigenfunctions of the unit disk if we take the sum over
all eigenvalues.
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Theorem 2. Let u,(:) be the eigenfunctions of the fired membrane problem in
the unit disk, )\,(:) the corresponding eigenvalues and let f(z) = z+a2+. ..
be a conformal mapping of the unit disk onto D with the eigenvalues Ag.
Then

L N e [ a2
SRS le - +2/U|f(z)y /UG(z,C)dACdAz

]

00 1
— Z W + 47TZn2|an|2/ r2"_1h(r)dr,
; 0

/ G*(z,¢)dAc.

Proof. We have [2, (2.7)],

2.5

<l =

_ i [, (VGj)2dA
A

with

Furthermore [2, (2.23)]

1 2 0)2
/(VG])ZCZAZ _(0)+(())/ ug) ’f’(z)’sz
U )\j /\j U

which gives after changing summation and integration

0)2
=1 & Juw I E)PdA

. fU(VGj)sz U
Z o = _Z 2 + 22 ’ 2
1 )\§ ) 1 /\(O) /\(0)
+2/ 1 (= \2</G2 dAC)dA

")

where we have used

o
/ G2 A =3
U 1

The last identity in the theorem holds because fU G?*(z,¢)d A is radial and
If'(2)]? =1+4|as]® + - - + n?|an|? + - - + terms in 2™, m > 1. O

J

Remark 1. By equality [2, (2.27)] we have

e 2n—|—2 © 2n

3 r
2 —_ _ _— _ _ R — =
/G ¢)dA¢ i —1—775 CEY) - Ez RN |z| = r.
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2.2. Formula for the sum of all reciprocals. The aim of this section
is to give a formula for the sum of all reciprocal eigenvalues of the fixed
membrane problem for any bounded simply connected domain D. This
formula makes explicitly use of coefficients of the series expansion of the
conformal mapping from the unit disk U to the domain D.

We have [2],

Ooi— 2(2 "1 (O
@ ;Ag‘/(]/UG (2 OIF ()PSO dA. dA,

Regarding the singularity of the Green’s function we write for |¢| < |z],

1 -
6(:.6) = - (~mulel ~ |1 = €| 1 - =)
2m z
and obtain
G%(2,¢) = <ln2|z|+ln2\1 \+1n2]1—z§|+21n|z]1n 1—4‘
z
(5) ] ) )
—2In|z|In|l — 2(| —2In |1 - = lnl—z(]) .
z

We use symmetry of the Green’s function

— 1
6 — =2 G?(z, Ol (2)P1F (O dA, dA.
O X3=2 [ S CEOTORI O A s,

J=1

Due to (5) the sum (4) consists of 6 summands

o0

1

(7) Zp—fl+12+13+14*15*—76-
j

Jj=1

For the explicit calculation of the integrals it is more convenient to use polar
coordinates, but we forbear from using new notations. For the expansion
series of f we use the following notations

(8) Za()ns +ZZamncosm«9+bmnsmm«9)

m=1n=1
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By some elementary calculations we obtain [6],

aOnaOm
=2
ZZ (n+2)(n+m+4)3’
lk 1} ii Whem .l + Okmbr 1
k n (k+m+2)(m+1+4)

2 n2(2n+m+2)(m+l+4)
[e.e]

n=1m=0 [=0

I o = Whe,m@h,l + bkmbr,
+;ZZZZH k+n)2n+k+m+2)(m+1+4)

n=1k=1m=1 [=1
7 :li lk 13 ii Wlem @e,l + Ok b
Py k£~ n (k+m+2)2k +m+1+4)

=2 n=1 m=1 [=1
100 0 o 0.0 1
, M 01

+2;%;n2(2n+m+2)(4n+m+l+4)

e Ak,mk,l + bkmbi,
) +ZZZZZn(k‘—l—n)(Zn—l—k—I—m+2)(4n—|—2/€+m—|—l—1—4)’

IS Ny A im0k, + bk mbr,i
I I e
2 o k(k+m+2)(m+1+4)
18, > > Q. Cid + bk mbri
Iy = = mak, mbr,
i 2zzzk(k+m+2)(2kz+m+l+4)2v
k=1m=1[=1
oo o0 o0
D3 somco
— n2(2n+m+2)(2n+m + 1+ 4)

e kim0, + bk mbi,
+ZZZZZn(k‘+n)(2n+k+m+2)(2n+m+l+4)

e Ak, m Ok, + bk mbr
+4Zkz::zZn(k+n)(2n+k+m+2)(2k+2n+m+l+4)

1 N e k@, + bk by
4 ZZZn(k—n)(k:+m+2)(2k:—2n+m+l+4)’

Some simplifying manipulations lead to the following result.
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Theorem 3. For the eigenvalues of (1) the following equality holds

oo o0

=1
Z 5 = (Apm + Bmy) - aomaoy
J

oo o

+ZZZ Crmy + Dim) @k mar, + bk mbr)

=1m=1I[=1
oo 00 00

+ZZZEkml em @k + bkmbr.1)

k=2m=1 [=1
with ay; and by defined by (8) and the coefficients

A = < )
T m2)m 1+ 47

o0

b= :
s m+1l+4)2n+m+1+4)An+m+1+4)2n+m+2)’

n=1

2
Ch, =
BT et m - 2)(m+ L+ 422k +m+ L+ 4)
N 2
(k+m+2)(m+1+4)(2k +m + 1+ 4)*’

o0

_ 2
Diem _Z 2n+k+m+2)(m+1+4)2k+4n+m+1+4)(2n+m +1+4)

n=1

oo
2 b
Cn+k+m+2)(m+1+4)2k+4n+m+1+4)2k+2n+m+1+4)’

n=1
k-1
By = 2
kmol < (k+m+2)(m+1+)2n+m+ I+ )k +m+1+4)
n=

2.3. Torsional rigidity. For the torsional rigidity, by Polya and Schiffer
[9, p. 330], we have

- . IZ 21 ¢/ 2 .
P_4/U/UG< O PO dA. dA,

By similar calculations as in the previous subsection, we obtain
Theorem 4. The torsional rigidity is given by

a0,mao,1
P =16
Wﬂ;”z% m+2)(m+1+4)2

(10)

SENNEEAN Ak, m Ok, + bk mbr,
+8”k21m21; ktmt2)m+lta)2k+mtitd)

Another formula for the torsional rigidity in terms of the conformal map-
ping is given by Polya and Szegé [10, p. 120].
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3. Free membrane problem. For the free membrane problem (2) the
situation is more involved. The following theorem and lemma have been
proved in [3].

(

Theorem 5. Let uko) be the eigenvalues of the free membrane problem in
the unit disk and let py, the free membrane eigenvalues of the domain D.
Then, for any n > 2 we have

Z fUuk|f/ |2dA

k=2 :qu o Ml(vO)
(0)

Lemma 4. For a radial eigenfunction v’ we have

2
[atripaa= [ o5 paa- A( [ 1 ePaa)
>14+— Z] |a]|2/ 2724 A.

() (0)

For a non-radial eigenfunction vy~ we take the eigenfunctions vy~ and v
belonging to the same eigenvalue and have

[@+air@raa= [ (o 40 ) 5P
U U

2
j(/ v;(f)!f'(z)!QdA> ([l
>2+ZJ !af/(uk) o) @) A

These results yield an inequality similar to the isoperimetric inequality
given in Theorem 1.

(0)

3.1. Formulas for the sum of all reciprocals. Analogously to the pro-
cedure in Subsection 2.2 we now want to present a formula for the sum of
all reciprocal eigenvalues of the free membrane problem (2). We know [3],

M //N2 2)PIf(Q)FdA, dA; + A*C?
j=2"J

_/ (/N |2dA<) 1f/(2)]> dA.

with A = [, [f'(z |2 dA, the area of domain D. Furthermore, the constant
Cis given by C = =5 [, [y N(z, OIf'(2)]?|f'(¢)|? dA; dA¢. The Neumann’s

function

(11)

N(z,¢) = *(—hl\z—Cl In |1 — 2(])
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of the unit disk differs from the unit disk Green’s function only in a sign of
the second part. Therefore, we simply obtain

//N2 P QP dA. dAc = I + o + I3+ Iy + Is + I,
where we can use previous results. For the area of D we obtain
= a
13 A=2 on_
(13) Fnzz:o“”

Besides putting z = re'®, we get

[e.e]

_ / 2 _ S ao,n ag,n n—+2
J VO @R A=~ 3 s 3

oo [e'e)
n m+ 2 .
b

3 D g B o 8 )
m#En—2
S 2

14 = 2 2 i n s gim —n sz GOSN+ bumsinng)

m;é;—2n7
1 > rn
27;’ 5 (an,n—2c08 NG + by 2 sin )

——Z lnr (@nn—2cosng + by n_osinng) = H(r,¢).

Next, we find

oo

e DT 9 SEeRe e
n=

nOmO

(m + 2)(an,m + bn,m)(an,k + bn,k)
D Zzn(m—n+2)(m+n+2)(n+k+2)

- (an,m+bn,m)(an,k+bn,k)
(15) D Zz(m+n+2)(m—n+2)(m+k+4)

n?(n+m+ 2)

™ i i (an,n—Q + bn,n—Q)(an,m + bn,m) )

n(n +m+ 2)?
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Summarizing, we obtain the following result.

Theorem 6. For the eigenvalues of (2) it holds

[e.o]

[e'e) 6 1 2

1 1 .
doa =D L+ (A0 + /0 /O H(r, ¢) (Z ag "tV
j n=0

j=2 i =1

+ Z Z(am’n COS MO + Ay SN m¢)r(”+l)> dodr

m=1n=1

with ay; and by according to (8) and results in (9), (13), (14), (15).

4. Examples.

4.1. Unit disk. For the unit disk we have |f’|> = 1. We obtain (compare
2, 2.27))

i r w2 5
(0 7 48 32
= )‘j 8 3
for the Dirichlet eigenvalues. For the Neumann problem we have [2, (3.47)],

2 D o2
/U/UN (2,{)dA, dA; = 192(271' 15)

and finally we get

[ee]

3 1L 5, 5
e
— 07 96 12

Jj=2

Remark 2. By an analogous calculation we obtain [6]

2 00 1
[ ] ([ eencenia,) dAcin. =3 o

1 /7% 572 3491
= — | — 4+ 2 (3
64 <180 T8 T 1738 N )> ’

where ¢ denotes the (-function.

For the torsional rigidity we obtain [10],
s
pP=—.
2
4.2. Cardioid and similar domains. For the conformal mapping

1
fa(z) =2+ =2" neN,n>2
n

we get the image domains in the following Figure 1.
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n=2 n=4 n=8
FIGURE 1. Images for f,(z)

The function series
12 (5,0)]* =1+ s*™D 4 2cos(n — 1)0s"

are finite with aglo) =1, a(()nQ)(n = =1 and agi)l’nfl = 2. Therefore, we can

explicitly calculate the sums (4) and (11). The results are given in Table 1.

[e%¢} 1 0 1
" 251 %) 2= uf(n)
3 2 551 349033
2 4™ ~ 1536 —diar20 T 128
1. 2 3817 5681479 | 5 2
3 27 12960 — 8700120 T 5477
1 25 2 673343 42418627 | 125
768 2580430 71680000 ' 1536
3 2 26917 277921733 |, 3 2
5 007 112000 198960000 T 407r
6 19 2 _ 51228619 42228865580 | 245 2
1728 239500800 79106227200 T 3456
7 42 _ 107001247 _ SI82651637 | 10 2
147 194413920 15821245440 ' 1477
8 27 2 _ 43165500691 — 52752511370387 | 135
1024 206644338400 104528550297600 | 20487
9 25 2 _ 2030899264883 — 14109961720724663 | 125 2
972 10003708915200 28510570408320000 1 19447
10 121 2 6647735909789 — 8692886851705487 | 121 0
4800 33522128640000 17847181287936000 ' 1920
11 |[ 3,2 _ 607345599478309 — 34528128346868561 | 15
121 3123256725388800 71834904683942400 1 242
12 || 169 ;2 _ 3269956373169173 | _ 178545070440503961307 | 845 2
6912 17097894668574720 375640745868586598400 T 13824 "

TABLE 1. Sums for cardioid and related domains, f,(z) =
z+ %z”
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Furthermore, we obtain the following monotonicity result.

Theorem 7. Consider the conformal mapping fn(z) = z + %Z”, n>2 of
the unit disk onto the domain D, with the Dirichlet eigenvalues \j(n) of

D,,. Then the sum Z]Oil )\%(n) 18 strictly decreasing in n.
J

Proof. By some elementary estimates we obtain for n > 3,

— 1 - 1 40n° + 36n* — 78n® — 88n? — 23n + 2
Z)\2(n) _Z)\Z(n—l) = 32nt(n+ D)4(n +2) >0
j=1"17 g=1"1

This proves our claim. For details on the estimates see [6]. O

The area of the image domains D,, is equal to w(1+4 %) Now we normalize
the conformal mapping f,, such that the area of the image is w. The

normalized conformal mapping is given by

o= (1)

The corresponding results for the eigenvalues for the Dirichlet and Neumann
problem are given in Table 2.

[e'e] 1 [e'e) 1
" 2= X2(n) 2= ()
1. 2 55l ~ 349033 , b5 2
2 18T 3456 933120 T 967
1 2 3817 ~ 5681479 |, 5 2
3 87 23040 15482880 1 967
1.2 673343 42418627 |, 5 2
4 287 403200 112000000 T 967
1.2 26917 277921733 |, 5 .2
5 287 161280 718502400 T 967
12 54228619 42228865580 |, 5 2
6 87 325987200 107672364800 T 967
1.2 107001247 8182651637 |, 5 2
7 187 645765120 20664483840 T 967"
3 12 43165500691 _ 52752511370887 | 5 2
18 261534873600 132293946470400 | 96
9 12 _ 2030899264883 — 14109961720724663 | 5 2
18 12350257920000 35198235072000000 ' 96
10 | L2 _ 6647785909789 — 8602886851705487 | 5 2
18 20561775654400 21595089358402560 ' 96
11 |[ L ;2 _ 607345599478309 _34528128346868561 | 5 2
8 3716933623603200 85489473342873600 | 96
12 || L2 _ 3269956373169173 | _ 178545070440503961307 | 5 2
a8 20066279159646720 440856153137438438400 1 96

TABLE 2. Sums for normalized cardioid and related do-
mains, fn(z) = /47 (2 + L)
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We find the following monotonicity property for the eigenvalues.

Theorem 8. Consider the conformal mapping fn(z) = A (z+ %z”),
n > 2 of the unit disk onto the domain D,, with the Dirichlet eigenvalues

\j(n) of Dy,. Then the sum P ;\21”) is strictly increasing in n.
j

The proof is analogous to the previous one. We know from Luttinger [8]
that the sum in the theorem is the greatest if the domain is a disk of area 7.

Finally we find the torsional rigidity P for the cardioid and related do-
mains D,, which are the images by the conformal mappings f,,

T 4 1
For the normalized conformal mapping f,, we obtain the domains D,, and
~ T n? 4 1
P(D,) == :
(Dn) 2<(n+1)2+(n+1)2+n(n+1)2>

It is easy to check that the torsional rigidity P(D,,) is strictly decreasing in
n, n > 2, and the torsional rigidity P(D,,) strictly increasing in n for n > 5.

4.3. Regular polygons. Let g, denote the conformal mapping of the unit
disk onto the regular polygon F,, with maximal conformal radius 1, n > 3.
Then the non-trivial coefficients of |g/,(2)|? are given by

-1 2
0.9m7 = (H nk+2>
2nj =
Py nk+n
and
5 ﬁnkz+2 j+ﬁ_1nk:—|—2
a ; =
nm,2nj+nm oy nk+n L nk +n )

for details see [6, p. 61-65]. We obtain that the torsional rigidity P(E,,) of
E, is strictly decreasing in n for n > 3.
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