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ABSTRACT. In 2015, Goebel and Bolibok defined the initial trend coefficient
of a mapping and the class of initially nonexpansive mappings. They proved
that the fixed point property for nonexpansive mappings implies the fixed
point property for initially nonexpansive mappings. We generalize the above
concepts and prove an analogous fixed point theorem. We also study the
initial trend coefficient more deeply.

1. Introduction. Let X be a Banach space, C be a nonempty subset of
X, and T be a mapping from C' into itself. The mapping T is known as
k-Lipschitz (k > 0) if
[Tz — Tyl < k|lz -yl

for every x, y € C. The minimal k, for which the above condition holds,
is called the Lipschitz constant of 7" and is denoted by k(T'). If £ (T') < 1
(resp. k(T) < 1), then T is said to be a contraction (resp. a nonexpansive
mapping). By L¢ (k) (or £ (k) in short) we denote the set of all k-Lipschitz
mappings from C' into itself. The mapping T is Lipschitz if it is k-Lipschitz
for some k.

Given vectors u,v € X and x,y € C such that x # y, we define functions
Euv:R—=X,Gyo:R—=10,00), pz,y : R—=[0,00) and ¢ 4 : R = [0,00)
by the formulas

Eu,v (t) - (1 - t)u + tv,
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Gu,o (t) = | Buo @) = (1 = 1) u+to]],
Pa,y (t) = Goy, 11y (t) = [(1 = 1) (z —y) + ¢ (Tz = Ty)|,

and
_Pey®) A=) (@ —y)+t(Tz = Ty)|
(1) = 222 = - .
Iz =yl Iz =yl

In [1] (see also [3]) the following coefficients were defined

(1.1) (T) = sup {011z, (0) @,y € C, x # y},

and

(12) T (T) = sup {a*w:my (1) ST Y S Ca T 7& y}v

where 04 and 0_ denote one-sided derivatives. The expression 041, , (0)
can be seen as the directional right derivative of the norm at the point x —y
along the vector Tax — Ty — (z —y). The coefficients ¢ (T") and 7 (T') are
known as the initial and the final trend constants of T', respectively. The
mapping 7T is said to be an initial contraction if ¢+ (7T) < 0, and initially
nonexpansive if ¢ (T) < 0.

We extend the above notion in the following way. The trend constant
(more precisely the right trend constant) of the mapping 7" at a point o € R
is given by the formula

(25 (T) = SUP{0+¢m,y (Oé) T, Y€ Cv x ?é y} .
We say that T : C — C is a pre-initial contraction (resp. pre-initially
nonexpansive) if it is a k-Lipschitz mapping, where k£ > 1, and there exists
a € (7%,0] such that 1o (T') < 0 (resp. to (T') < 0). Note that the initial
trend coefficient of T is equal to ¢o (T).

The mapping 7" is said to be firmly nonexpansive if for all z,y € C the
function ¢, , (t) is nonincreasing on the interval [0, 1]. The mapping 7" is
firmly nonexpansive if and only if 7 (T") < 0.

The fixed point set for T is defined as

FixT'={xeC : Tz =x}.
2. General trend of mappings. In this section, we generalize results
obtained in [1]. Let u, v € X. The function t — G, (t) is convex, so it is

a semi-differentiable function at every real number t. Assume that o < (.
The following inequalities are obvious

O_Gy v () <O_Gu v (B),
8+Gu7y( )<a+ uv(ﬂ)7
0_Gy oy () <OLGy o ().

b

Claim 2.1. Let u, v € X, a, b, t; € R, where a < b, and t3 = (1 — t1) a+t1b.
We have

(2.1) -G (1—ayutav, (1-byutbv (t1) = (b —a) O-Gy o (t2) -
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Proof. Putting w (s) = (1 — s) u + sv, where s € R, we obtain

a—G'(lfob)qucw, (1-b)u+bv (tl) = 8—G'w(a),w(b) (tl)
[(A=t1 = h)w(a) + (t2 + h)w O)| = [|(1 = t1) w(a) + trw (b)]|

-l :
— (b—q) lim (1 —t2 = h(b—a))u+ (ta + h(b — a))v[|—[|(1 — t2)u + tov]|
h—0~ h(b—a)

= (b—a) -Gy, (t2) .
U

Let C' be a nonempty closed convex and bounded subset of X. Assume

that T : C' — C'is k-Lipschitz for £ > 1. Let a € (k%ll,O}. Choose A > k

such that A_—ll < a. Given z € C, consider the equation

1 1
2.2 =({1-— —Ty.
(22 v=(1-5) e+ 51
Since the right hand side is a %—Lipschitz mapping and % < 1, this equation
has a unique solution. Denoting this solution by F'z, we obtain the function
F : C'— C such that

(2.3) Fx = <1—f11>a:+leFx.
Rearranging the above equality, we obtain

(2.4) T = A‘f —Fat A__l TF,
and

(2.5) TFxr=AFx —(A—1)x.
Since

1 1
Pa= Pyl < (1= 5 ) e —oll + 5 1TF2 — TFy)

1
< (13 ) o=l + S 1Pz = Ful.

Fisa ﬁ:}f—Lipschitz mapping. For every z € C we define

(2.6) For=(1—-a«a)Fz+aTFx.

Observe that F,x belongs to the line segment [x, F'z], which is a subset of
C, so F, is a mapping from C into itself.

Let g € C. If Fxy = z0, then from (2.3) we obtain Txy = zy. Con-
versely, if Trg = xg, then

1 1
Ty = (1 — A) To + ZT&UO.
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This is an equality of the (2.2) form. We know that the equality (2.2) has
a unique solution, so Fxy = xp.
Assume that Fyxg = xg. It is equivalent to

(1 —a) Fxg + oTFzy = xp.
Applying the equality TFxg = AFzy — (A — 1) 2o, we obtain
(1—-a)Fzo+ a(AFz)— (A —1)x0) = xo,

which is equivalent to F'xzg = x¢9. We have proved that FixF, = FixF' =
FixT.
Given distinct x, y € C, we have

and
A -1
— F
VE 1Y T A

Observe that Fax # Fy. Putting a = A;—ll’ b=oa t1 =1, t9 = «a,
u=Fz— Fy, and v =TFz — TFy in the equality (2.1), we obtain

0- szy, Fox—Fay (1)

TFy.

|z —yll
_ 0-Ga)(FPa—Fy)+a(TFa—TPy), 1-b)(Fa—Fy)1b(TFa-TFy) (1)
|z —yll
_ <a+ 1 ) 0_GFpy—Fy, TFz—TFy ()
A-1 |z —yll
_ <a T 1 > HF«T - FyH ) 87GFr—Fy,TFx—TFy (Oé)
A-1) Jlz—yl |[Fz — Fyl|
1 A-1 O_pz y ()
< - | — Ly,
< (o4 a07) Gpow { s ey Gty
1 A-1 O+ pa,y ()
< ¢ :
. <Q+A—1> A—ksup{ ooyl DYEGTTY
Therefore
_ Gy _ 1
P )
|z =yl
1 A-1 O,y (@)
< ’ :
<o giy) dmpow { T mvecir

1 A—-1
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As a special case, if @ = 0, we obtain

0-Gy—y, Foz— 1
T(F):SUP{ Hi%y{‘)y():x’yecw#y}
1 8+Spacy(0) 1
< : : = T

and if A = k+ 1, then 7(F) < ¢+(T'). From the above consideration, we
obtain the following corollaries.

Corollary 2.2. If T : C — C is pre-initially nonexpansive, then there
erists o € (k;_ll,O] such that the mapping F, given by (2.6) is firmly non-
exrpansive.

We say that a subset C' C X has the fixed point property for nonexpansive
mappings if every nonexpansive mapping 1" : C' — C has a fixed point.
The space X has the fixed point property for nonexpansive mappings if
all nonempty closed convex and bounded subsets of X have this property.
Similarly we define the fixed point properties for pre-initially nonexpansive
mappings.

Corollary 2.3. If a nonempty closed convex and bounded set C' C X has
the fixed point property for nonexpansive mappings, then it has the fized
point property for pre-initially nonexpansive mappings.

3. Formulas for trend constants. In this section, we provide a few for-
mulas for trend constants of a mapping 7' : C — C', where C is a nonempty
subset of a Banach space X. Let us recall some basic facts about the sub-
differential of the norm. Let x,y € X. The function R 3 ¢ — ||z + ty|| is
convex, so the following limits exist

e+ tyll = ]
0 — Qi E N
Lzl (y) Jim, t |
; x+ iyl — ||z
O_ ||z[| (y) = hmﬁ M
t—0 t

The subdifferential of the norm is defined by
Ozl ={2" € X* : Vyex O[] (y) < 2" (y) < 04 [l=]| (v)} -
We have also the following formulas
Oz ={=z" € X* : 2™ () = ||z, =" = 1} if = #0,
Oy ||zl (y) = max{a” (y) : 2™ € Dx||},
O ||zl (y) = min{z" (y) : 2" € 0=}

Claim 3.1. Let u : [a,b] — X be a differentiable function at to € [a, b]. Then
the function v (t) = ||u (¢t)|], t € [a, b] is differentiable on the left at ¢ty € (a, b]
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and on the right at tg € [a,b). Moreover, we have the following chain rules
(3-1) 017(to) = 04 [lu(to)|| (' (to)) = max{z™ (u(to)) : =™ € 8 lu(to)|},
(3.2) 0_~(to) = O |Ju(to)| (v/(tg)) = min {a:* (u’ (to)) cxted Hu(to)H} .
For further details about subdifferentials of norms, see for example [2].

Let u(t) =(1—t)(x —y)+t(Tx —Ty) and a € R. Then, by (3.1),

4o,y (@) = max {z* (v (o)) : 2" € D ju ()|}
=max {z" (Tex =Ty — (z —y)) : 2" € I |u(a)|}

for every a € R. As a consequence, we obtain a new formula for the trend

constant of T at «.

Corollary 3.2. For every a € R,
*Tx—Ty — (x —
LQ(T):Sup{w (Tz —Ty— (x y))}’
[l =yl
where the supremum is taken over all distinct vectors x,y € C and func-

tionals z* € 0 ||(1 —a) (x —y) + a (Tx — Ty)||. In case of the initial trend
coefficient, this formula takes the following form

*(Tx—-T

(3.3) L(T):sup{W—l cr,yeC i x#y, a” GOH:U—yH}.
Theorem 3.3. Let x, y € C' be distinct vectors, and o € R. If

Ef € 0| Ex—y, 1a—1y (t)]

for every t > «, then
(3.4) Oipay (@) = lim By (T =Ty — (x—y)).

Proof. Let tg > t; > to = «, and let E (t) = Ey—y 7o0—1y (t) for t > a. We
obtain

1B )l = 1E @) _ 1EE)l = 1B [ 12 )]

b — 1t - 1 —t2
(3.5) CEL(B(0) - B (B) _ . (E(tl)_E(tz)>
B tr—t2 —h t1 —t2
=B (Tx—Ty—(z—vy))
and
B (Tz =Ty — (x —y)) = By, (W)
(3.6) _ B (E() - B, (E(t))

to — 11
< NEG)I — £ )]
- to — t1 '
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The equality (3.4) follows from the above inequalities and the following
equalities

E —||E E —||E
CIE@I - IE@ s IEG)] - 1B )]

t1—at t1 — 1o to—at ti—at to — t1

= 8+‘Pm,y (a).
O

From the above theorem we obtain another formula for the trend constant
of the mapping T at «.

Corollary 3.4. If Ef € 0||Ey—y, 1a—1y (t)| for t > o, then

limy_, + E}f (Tx —Ty — (x —
La(T)—sup{ t—at it (Hx_yHy ( y))

In [1] the formula for the initial trend coefficient for Hilbert spaces is
given. Using the equality (3.3), we can calculate formulas for this coefficient
in some spaces. Here we will deal with the space C'[a,b]. In order to
prove such a result, we can use the characterization of the subdifferential of
the norm in C[a,b] given in [2]. Note that in the literature, one can find
similar characterizations for some other spaces (see for example [2] and [4]).
Another approach is to apply a formula for the directional right derivative
of the norm. Such a formula for C'[a,b] is given in [5]. Using one of the
above methods, we obtain the following claim.

:x,yEC,x#y}.

Claim 3.5. Let C be a nonempty subset of the space C [a, b], and let M (z) =
{t € [a,b] : |2(t)| =||2||}, z € C[a,b]. Given a mapping T : C — C,

T — (T —
61 s (A= E) Dy ),

where the supremum is taken over all distinct vectors x, y € C' and all s in
Mo (z —y).

Example 3.6. In the two-dimensional Euclidean plane R? we consider the
k-Lipschitz mapping
Ty (x,y) =k (xcosf —ysin f,xsin f + ycos 3),

where k > 1, § € R. One can easily compute the initial trend constant of
T} g and the trend constant at o > k%ll:
L (Tk,ﬁ ($,y)) = k’COSﬁ -1,
a—1+(1-2a)kcosf + ak?
o (T (2,9)) = 0—20)

\/(1—a)2+2(1—a)ak:cosﬁ+a2k‘2'

Taking £k = 5, f = arccos%, and o = —%, we obtain ¢ (T 3) = 3, and
to (T},3) = 0. Therefore, in this case T}, 5 (x, y) is pre-initially nonexpansive
but isn’t initially nonexpansive.
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4. Remarks about the initial trend coefficient. We say that the norm
||-]| of a Banach space X is Gateaux differentiable at a point x € X if for
every h € X the limit

e+ thl] — |

t—0 t
exists. If, moreover, this limit is uniform for x, h € Sx, then we say that the
norm is uniformly Fréchet differentiable. We say that the norm is Gateaux
differentiable if it is Gateaux differentiable at every point x € Sx.

Theorem 4.1. Let X be a Banach space whose norm is uniformly Fréchet
differentiable and C be a nonempty and convex subset of X. If T : C — C
is a Lipschitz mapping such that o (T) < 0, then there exists § € (0, 1) such
that the mapping (1 —to) I + toT is a contraction, where I is the identity
on C and ty € (0, 6).

Proof. Assume that T € L (k). Let ¢ = LD Since the norm of X is

2(k+1)
uniformly Fréchet differentiable, there exists 7 > 0 such that
th|| —
(4.1) —”Z+ t” =] <e+z"(h)

for every t € (0, 7) and z, h € Sx, where z* € 0|z||. Note that 9 |z| is
a one-element set, because the norm of X is Gateaux differentiable. We
choose tg € (0, 1+Lk)’ and define the mapping 7}, : C' — C by the formula
Tiox = (1 —tg) x + toTx.

Given distinct elements x, y € C, we have x — y # Tax — Ty. Otherwise,
g,y (t) =1 for t € [0,1], and ¢ (T") > 0494,y (0) = 0, which contradicts our
assumption. Put u =z — y, and v = Tx — Ty. Note that

tollo—ull _ to(|1Tx = Ty|| + [z — yl))
K — [z =yl

<tg(1+k)<T.

Using this inequality and putting z = LH’ h= vu oy = tollozull 4, (4.1),

_ [lu lv—ul]’ [l
we obtain

[Thox = Tioyll = llu+to (v = w)

e et =1 el |
u u v—Uu u
=to HU - u” tollv—ull + HU’H

[l

<tollv— uT(E 42 (M)) + ul
(o0 () )
(P )
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u

[l

where z* € 0 HHuT”H Since 8‘

‘ = 0||z — y||, applying Corollary 3.2, we

get
(T
iz = Tiggl < (10 (L @) +1) e -
(T to
= (145 Je -l
Since 1 + % < 1, the mapping T, is a contraction. ]

Let C be a nonempty subset of a Banach space X. Consider a Lipschitz
mapping 7' : C — C. Let p(t) = sup{v5 (t) : z,y € C,x#y}, t € R
The function u is convex. We define the coeflicient

K (T) = 8+,LL (0) )
which is similar to the initial trend coefficient (1.1), but the derivative and
the supremum are swapped. This coefficient is greater than or equal to
the initial trend coefficient of T'. Indeed, given € > 0, there exist distinct
elements x,y € C such that

J(T) < lim Ymv(® 71

= +¢€
t—0+ t ’

and therefore

L(T) S lim Sup{¢$7y(t) . 337’!/60’:13#?/}_1
t—0t t
t—0t t

=k (T)+e.

+¢€

Since € > 0 is arbitrary, ¢(T') < x(T'). In the linear case we have the
equality.

Theorem 4.2. For any linear bounded mapping T : X — X, +(T) = s (T).
Proof. Observe that, by the assumptions of the theorem,
p(t) =sup{|[(1—t)z+tTx| : x € Sx},
and according to Corollary 3.2,
t(T) =sup{z" (Tz)—1:2z€Sx,z" €d|z|}.
In case of T' = 0, we have ¢ (T') = k(1) = —1. Now we can assume that

T #0. Let ¢ >0 and ty € (0, min{ }) There exists an
element zg € Sx such that

- w (to) — 11 (0) < (1 — to) o + toTxo|| + 52 — 1
- to o to '

€ 1
ATINA+TN) > 1T

(4.2) % (T)



80 M. Szczepanik

Let u = (1 —tg) o + toTxo and u* € O ||ul|. Then

Jull > (1 = to) zol| — [[toTxoll = 1 —to (L+[|T']]) > 0.

We obtain
. (T) < U ((1 — to) xo + toTﬂCo) —1 €
to 2
(1 —tp) u* (x0) + tou* (Tzp) —1 €
= 4=
to 2
S’LL*(TZL'o)—l—F%

T
=u* <> —1+4+u* (Tu—u>+u*(T:co—Tu)+;

< (7 ()~ 10 g | e o — e+ 5
<o)+ Il = 11+ 10 |71 1+ 71 + 5

<o (T) T ol + 10 T 1+ 1) + 5

< o (T) + 210 T (1 + T + 5

<u(T) +e.

Since ¢ is an arbitrary positive number, x (T') < ¢ (7).

0

The next claim gives us the characterization of mappings such that « (T') <
0. Since for a linear bounded self-mappings T° we have ¢ (T') = k (T'), this

claim also applies to the linear initial contractions.

Claim 4.3. Let T : C — C be such that x (7)) < 0. Then there exist a
contraction R : C'— C and § > 0 such that Te = 1Rz + (1 — %) x for every

zeC.
Proof. There exists § > 0 such that
t)—1 T
HO=1 | < D)

for t € (0, 9]. Therefore,

For every z,y € C, x # y we get
[(1—0)(z —y)+6(Tz —Ty)|
lz =yl - 2
Putting Rz = (1 — 0) x 4+ 6Tz for = € C, we obtain

k(T)6
IRe = Ryl < (1451522 ) Ja =,
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where 1 + @ < 1, so R is a contraction. ]

Let C be a subset of the space X = C'[0,1]. We define the Hammerstein
operator T : C' — X by the following formula

1
(Tu) (s) = /k: (s, t) f(t,u(t))dt, se]0,1],
0

where k, f are continuous functions on [0,1]%, ¢ — f (fo, t) is a k¢ (to)-
Lipschitz mapping on the interval [0, 1], and the function k¢ : [0, 1] — [0, c0)
is Lebesgue integrable.

Claim 4.4. If C = Bx or C = X, then for the above mapping T, ¢+ (T) =
kE(T)—1.

Proof. The inequality ¢ (T') < k(T') — 1 is true in general (see [1]), so it is
enough to prove the opposite inequality.

Let U > max {|k (s, t)| : s,t €]0,1]}. Given € > 0, there exist distinct
elements x, y € C such that

[Tz — Tyl

9
> k(T) -
[l =yl

5.

For z € X we put My (2) = {t € [a,b] : |z (t)] = ||z]|}. We choose an arbi-
trary so € Mp(r —y) and s € [0,1]. By the absolute continuity of the
Lebesgue integral there exists 6 > 0 such that [, kg (t)du(t) < ;7 if

p(A) < 26. For each h € C[0,1] and v € R we define Fj, , € C[0,1]
as follows

h(t), tel0,1]\(s—9, s+9),
o (t) = 5= (t—s) +v, te(s—d, N[0, 1],
M0 (p — syt v, tels,s+8)N[0,1].

For i € {0,1} we define functions z;, y; € C'[0, 1] by the formulas
20 (1) = Fy a(s0) (1)
Yo () = Fy,y(s0) (1),
1 (1) = Fi, y(s) (1),

1 (t) = Fy,x(so) (t) :
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Setting L = max {0,s — 0} and R = min {1, s + d}, we obtain

(T2 = Tyi) — (Tz —Ty)) (s)|

R
/k (s, ) ((F (8 @i (1)) — [ (&, 2 (8))) — (F (& wi (1) — £ (¢, y (£)))) dt
L

R
= / [k (s, (1S (& @i (0) = £ (8w ()] + |f (& 2 (2) — f (& y(@))]) dt
L

< / Uy (t) (2 — il + |l — ll) dia (2

(L, R]
—~2(Je—y)U [ by (®)du (0
(L, R]
el
- 2

Since s € My (z; — y;) for i € {0,1}, by the equality (3.3),

((Tm — (Tys) ( >) sgn (i (s) — yi () — 1
(=

| vV

”xz yz”
(Tz;) (s) — (Tys) (
Hw —yl
< ) (s) — (Ty) (s)

[z = yll

>) (=1)'sgn (= (s0) — y (s0)) — 1

3

) (-0 sgn e (s0) =y o) - 5 - 1.

Because i € {0,1} is arbitrary, we obtain

L1y s TN @) @) e
= eyl 27

The number s € [0, 1] is also arbitrary, thus

7o - Ty| -
oyl 2 tEEOmEE

o (T) >

and finally we apply the fact that ¢ > 0 is arbitrary, therefore ¢ (7") >
k(T)—1. O

At the end, we will study some examples from [1].
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Example 4.5. Let C = [a,bland f : C — C, f € L(k), k > 1. It is known

that

v (f) :SUP{W wy € [a,b],w#y}—
The Lipschitz constant of f is given by

k(f _Sup{‘f)‘ T,y € [a,b],x;ﬁy

so the initial trend coefficient of f can be smaller than k(f) — 1. Let
€(0,1),b>x>y>aand g(t) = % (t) + kJ,gillt t € [a,b]. Note
that g : C' — C. We have

2 —« k+a-—-1
g(x)—g(y)Zm(f(l‘)—f(y))+k7“(ﬂf—y)
gi‘“(() (e -y)+ T @y
=< 2= )(m’—y)
and
9@ -9 2 2 (R -y + O )
=(a=1)(z—-y).

Therefore, g € E(max{l + ifTol‘L (f),1— a}). Thus f is the following affine
combination of g and the identity:
E+1 kE+a-1
f(t) = g(t) ————t

and ¢ is a nonexpansive mapping (resp. a contraction) provided that ¢ (f) <
0 (resp. ¢ (f) < 0).

Example 4.6. Let X = Ca,b], r >0 and B(0,7) ={r € X : |jz| <r}.
Assume that the function f : [—r,r] — [—r,7] is of class £ (k). It is known
that the composition operator F' : B (0,7) — B (0,r) defined by

Fz(t) = f(z(t))
has the initial trend coefficient given by
Ty

We define a and ¢ as in the previous example. Consider the composition
operator G : B (0,7) — B (0,r) defined by

2 — k —1
— @)+

2 —« 2 —«

:x,ye[a,b],x;«éy}—

x(t).
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Let z,y € B(0,r), s € [a,b]. By symmetry, we can assume that x (s) > y (s).
We obtain

G (5) = Gy () = 25 (1 (2 (8)) = F () + -2 (2 (5) = (5)
< ZZ00E) + 1)(als) — y(9) + T () — ()
< (142550 le -l
and
2 -« kE+a—1
Gr ()~ Gy () = 75 (~F) (2 (5) =y (9) + o (0 () — y (5)

=(a=1)(z(s) —y(s))
> (a=1)[lz—yl.

Thus, G € E(max{l—ki_ﬁb (F),1—a}) and F is an affine combination of G
and the identity, where G is a nonexpansive mapping (resp. a contraction)
provided that ¢ (F') <0 (resp. ¢ (F) < 0).
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