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ABSTRACT

The purpose of writing this article was to derivate the formula for the third cosmic velocity
using only the laws of conservation in the heliocentric reference system. It turns out that it can be
done by using elementary mathematics, thanks to which the reasoning and calculations are afforda-
ble for one interested in this subject. By the way, we wanted to discuss the errors that appear even in
well-known textbooks and professional articles, whose commitment leads to incorrect results. The
magnitudes of the third cosmic velocity obtained by us are: Viaverage — 10-08 kmy/s, Vioeribetion — 10-37
km/s and v =16.79 km/s.

3aphelion

INTRODUCTION

The third cosmic velocity is defined as the minimum initial velocity, which
the object on the Earth’s surface requires to escape not only from the Earth’s
gravitational field, but from the solar gravitational field as well. In other words, it
is the initial velocity of such magnitude that the object launched from the Earth’s
surface at this speed can escape from the Solar System and move on to the infinity.
The third cosmic velocity is defined with respect to the Earth.

The minimum value, of course, applies to the situation when the velocity
vector of the object launched from the Earth’s surface is parallel to the instantane-
ous orbital velocity of the Earth (Fig. 1). In the estimating the value of the third
cosmic velocity some approximations are made: the rotation of the Earth and the
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interaction of the Earth’s atmosphere with the launched object are neglected. The
gravitational interaction between the launched object and other objects in the So-
lar System except the Earth and the Sun itself are neglected as well.

Sun

| @ |

Fig. 1. Launching an object from the Earth with the third cosmic velocity.

Around the third cosmic velocity arose some controversies, misunderstand-
ings, and even disputes concerning its value. It seems that in the twenty-first cen-
tury, in the time when cosmic flights do not cause any sensation and when probes
launched from the Earth reach not only the surface of our natural satellite, but also
reach Mars, Jupiter and Pluto (and some of them leave the Solar System forever),
the knowledge of the cosmic velocities should have been already well established
and available at least for those who are interested.

While it seems all the physics textbooks for secondary schools and a number
of websites for physics, astronomy or astrophysics (even an article on Wikipedia)
allow the reader to thoroughly acquaint with the issue of the first and second
cosmic velocity, giving a precise definition and derivation of the whole formula,
whereas the majority of sources (books and websites in Polish and English) rather
ignore the third cosmic velocity issue. Those sources which do mention on this is-

sue usually provide a more or less clear definition (especially the Internet contains
many inaccuracies), and almost always the value that is expected to be v, = 16.7
km/s. It is very difficult to find a complete derivation of the formula. The issue is
really not trivial, because it concerns, in the most simple terms, the three bodies.
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But one should be aware that by accepting some approximations, but not falsify-
ing the physical sense and not being oversimplified, this problem can be solved
without the use of numerical methods.

However it appears that the value of the third cosmic velocity reported by
the authors of general physics academic textbooks is different. The “Physics” by
Orear gives 13.5 km/s [1] whereas the “Introduction to Physics” by Wroblewski
and Zakrzewski gives 16.65 km/s [2]. The difference is not due to approximations
in physical constants, or approximations in some stages of calculations, but due to
different way of derivation which leads to different final formula.

In 2011, an article “A Study on the Theoretical Value of the Third Cosmic
Velocity” was published in the online scientific journal [3]. The authors, after
conducting their own considerations (according to us wrong!) and calculations,
questioned the most frequently published value of 16.7 km/s. They claim that the
correct value is 13.6 km/s, which is exactly the same as in the Orear’s textbook [1].

In this short paper we present a derivation of the third cosmic velocity for-
mula, based only on the three laws of conservation: momentum, angular momen-
tum, and energy in the reference frame attached to the Sun. Then we compare our
reasoning with those by Orear and by Wroblewski and Zakrzewski, and by that
described in the article mentioned above. We believe that for a complete under-
standing of our considerations the knowledge of physics and mathematics at the
secondary school level is sufficient.

ANALYSIS OF THE PROBLEM

We consider the launch from the Earth’s surface of an object having a mass
of many orders of magnitude smaller than the mass of the Earth. This object will
be called the bullet. Since the Earth’s mass is M = 6:10* kg, assuming the bullet
mass of m = 10° kg, the mass ratio is of order ™ _ 103,

Let us introduce the term gravitational injtve[raction sphere [2]. The gravita-
tional interaction sphere will be called the area of the spherical surface centered
at the center of the planet, in which the motion of any object (such as a bullet) is
better described as a motion in the gravitational field of the planet with the per-
turbations from the Sun than the motion in the gravitational field of the Sun with
perturbations from the planet. The radius of the Earth’s gravitational interaction
sphere is r,~ 926 000 km '.

! We refer the careful reader to the section I1.3.3 of the textbook [2], however we note that
a precise determination of the 7, radius is not necessary in our case.
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Fig. 2. The trajectory of the bullet after launch from the Earth with the third cosmic velocity.

The lowest escape velocity (with respect to the Sun) of an object moving on
the Earth’s orbit will be called the parabolic velocity. The name comes from the
fact that a trajectory such an escaping from the Earth’s orbit object is a parabola,
which initially converges with the orbit of the Earth, and then is more and more
deflecting from it (Fig. 2). Just as the value of the second cosmic velocity is \/5
times greater than the value of the first cosmic velocity, the value of the parabolic
velocity is A2 times greater than the value of the orbital velocity of the Earth and
is v, = 42.24 km/s.

In our considerations we take into account the recoil effect of the Earth at the
moment of launching of the bullet from the Earth’s surface and so-called gravi-
tational pulling effect i.e. entailing the Earth by the launched bullet as a result of
the gravitational interaction between the bullet and the Earth. To simplify the dis-
cussion, we assume that the Earth’s orbit is a circle of radius r = 150 000 000 km.

We will use the following notations:

M is the mass of the Sun,

M is the mass of the Earth,

m is the mass of the bullet (m<<M),

r is the Earth’s orbit radius,

R is the Earth’s radius,

r,is the radius of the Earth’s gravitational interaction sphere,

v, is the orbital velocity of the Earth relative to the sun v, = 29.87 km/s,

v, is the Earth’s velocity relative to the sun just after the launch of a bullet
from Earth’s surface,

v,” is the “final” Earth’s velocity relative to the sun, i.e. Earth’s velocity in
the moment when the receding bullet “stops” interact with the Earth, so when it
crosses the Earth’s gravitational interaction sphere,
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v, is the parabolic velocity, M
v, is the the second cosmic velocity v, =, [2G? =11.19 km/s,

v, is the third cosmic velocity.

The launch of the bullet from the Earth’s surface

Due to the fact that we consider a short interval of time (from just before till
just after the launch of the bullet from the Earth surface), it can be assumed that at
this time both the Earth and the bu/let move along the straight line locally tangen-
tial to the orbit of the planet. In addition, if we treat the Earth and the bullet as the
two bodies interacting only with each other, or ignore the interaction of the Sun,
then the momentum of the Earth — bullets system has to be conserved. This leads,
in the reference frame attached to the Sun, to the following equation:

(M +m)v0 :MV0'+m(v0'+v3). (1)

On the left side of the equation there is written an expression for the momentum
of the system just before the launch of the bullet from the Earth, and on the right
— just after launch it from the Earth with the third cosmic velocity.

Gravitational interaction launched bullet with the Earth and the Sun

Moving away from the Earth the bullet eventually crosses the Earth’s gravi-
tational interaction sphere. From this point we begin to treat bullet’s motion as
a motion in the gravitational field of the Sun. In order to escape from the Solar
System and move to infinity, the bullet has to move at least with the parabolic
velocity v, (Fig. 3).

gravitational
interaction sphere

Fig. 3. The bullet crossing the Earth’s gravitational interaction sphere. The bullets trajectory
converges with Earth’s orbit inside the sphere.
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Here we assume that the bullet launched from the Earth with the third cosmic
velocity moves along a parabola, which within the Earth’s gravitational interac-
tion sphere converges with the Earth’s orbit (Fig. 3). This is not too coarse ap-
proximation because the diameter of the Earth’s gravitational interaction sphere
is less than 0.002 of the length of its orbit, which corresponds to an angular arc
length of Earth’s orbit about 0.7°. And, according to simple calculations, the dis-
tance between the points of intersection of the gravitational interaction sphere
with the Earth’s orbit and with the parabola is about 1430 km, which is less than
10 AU. Therefore, we claim that (in the reference frame attached to the Sun,
according to the law of conservation of angular momentum of the Earth-bullet
system) angular momentum at the time just after the launch of the bul/let from the
surface of the Earth is equal to the angular momentum at a time when the bullet
leaves the Earth’s gravitational interaction sphere:

M1/O'r+m(vO +v, )r =Mv,"r+mv,r )

Similarly, for the same two moments we can write the law of conservation of
energy:

—My, +=m(v, +v,") —GY = —ppy " —my P - G
Mol ) =GR = o My, r, (3)

In the last equation we have neglected, on both sides, the potential energy of

My (M +m)

the Earth and the bullet in the Sun’s gravity field, — G as it is iden-

tical in both considered moments. r
DERIVATION THE FORMULA
From equation (3) we get:
2 1 1 M 2 2 2
v, +v,') =2GM (———)+—v," "=y, )+ V
(3 0) (R ’”o) m(o 0 ) p @

Then we see that 2GM (zle —lj = 2GA1;I£1 —RJ ~ ZG% , because R ~ 0,007 .

"o T I
Taking into account in equation (4) this approximation, substituting the v,

for 2G% and using the difference of two squares for-mula, we have:
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(v3 +v, ')2 = v22 + M(vo ", ')(VO "+, ') + vp2 %)
m

Using the approximation v,"+v,'= 2v,', we obtain*:

(Va TV ')2 = sz + 2%("0 = ')VO '+vp2 ©)
m

and substituting to

. . M
Calculating from equation (2) _(VO"_VO v)= vy + 'y,
m

equation (6), we get:
(v3 +v, ')2 = v22 + 2(\/3 +v, '—vp )vo '+vp2 (7)

In equation (7) we perform multiplication and reduce similar terms. After these
operations we obtain the following expression for the third cosmic velocity:

V32 = sz + (Vp —Vo ')2 (8

After substitution in equation (8) v, = \/Evo and making approximation? v,'~ v,

we take the square root of both sides and obtain the final formula for the third
cosmic velocity:

vy = \/vz2 + (\/E—l)zvoz 9)

If we substitute v, = 11.19 km/s and v, = 29.87 km/s, we get the value of
a third cosmic velocity, which turns out to be v, = 16.68 km/s.

DISCUSSION

The interaction of the Earth with the launched bullet may be considered in
two stages. Initially, due to the recoil, the orbital Earth velocity decreases, and
then increases as a result of gravitational attraction between these two bodies
(gravitational pulling). This latter effect highly compensates for recoil so that in

2 Equation (1) leads to v,"= (s, +v, -, )+v,’ . After substituting - = 10""* we get v,"~v,' . How-
ever we emphasize, that there is a]‘fittle difference between these velocities, which we do not neglect
in equation (5). "

3 Equation (1) leads to: o _u_, . Substituting %: 10", we get v,"~ v, .

Vy'= vy — vy =v, —

1+
M
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the final result the orbital Earth speed is only insignificantly lower than the speed
just before the launch of the bullet *.

The value of the third cosmic velocity we obtained v, = 16.68 km/s is equal
to the value reported in most of the textbook including that by Wroblewski and
Zakrzewski [2], as well as the articles [4] and [5]. In the last article, the authors
evaluated the third cosmic velocity numerically, without reference to the con-
servation laws, but only on the basis of general form of Newton’s second law:

dp = Fdt.

The values v, = 13.6 km/s and v, = 13.5 km/s presented in [3] and in the
textbook [1], respectively, are obtained when the third cosmic velocity formula
is derived only on the basis of the law of conservation of energy, assuming in-
explicitly that not only the Sun, but also the Earth is stationary. Following
this approach, the energy of the bullet just after its launch from the surface of the
stationary Earth is:

%mvi - GM—

Mgm

r

G 0 (10)

According to the definition of the third cosmic velocity, total bullet energy in
infinity is of course zero. The value of v, calculated from the equation (10) is 43.6
km/s. Let us emphasize that in this reasoning the value of 43.6 km/s is relative to
the Sun and to the Earth as well. However, the authors of the article [3] and Orear
[1] subtract from this value the orbital velocity of the Earth, as the velocity already
acquired by a bullet at the time of its launch, and thus get a value of respectively
13.6 km/s and 13.5 km/s. These values are lower than the value obtained by us.
The explanation of this difference is simple, but not obvious. Thus, in the above
reasoning, the increase of the Earth’s energy (in the reference frame attached to
the Sun) corresponding to an increase of Earth’s speed due to the gravitational
pulling, is completely neglected. This is unacceptable simplification because this
energy is turning out to be more than twice higher than the energy of the bullet es-
caping from the Earth [4]. Only in the reference frame attached to the Earth there
is no effect of gravitational pulling, but then the motion of the Earth with respect
to the Sun cannot be ignored. Let’s clearly point out here: the energy of the bullet
launched from the Earth has to be sufficient not only for its escape from the
Solar System, but also for accelerating the Earth.

It is worth noting that the derivation of the third cosmic velocity formula
becomes very easy in a reference frame attached to the Earth. So that, in a natu-
ral way one can avoid the need to take into account the recoil of the Earth and

* The decrease of the Earth’s orbital velocity due to the recoil is v *vo':MLervs and the
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the gravitational pulling. Such approach has been adopted by Wroblewski and
Zakrzewski [2]. Let’s recall that the parabolic velocity is the escape velocity (with
respect to the Sun) from the Solar System of an object moving on the Earth’s orbit
far away from the Earth, so that the gravitational interaction energy with the Earth
can be neglected. So the whole reasoning can be presented as follows.

In order to escape from the Solar System the bullet has to be launched from
the Earth’s surface with such a speed, which enables to cross the Earth’s gravita-
tional interaction sphere with at least the parabolic velocity (Fig. 3). This speed
with respect to the Earth is v, =V, = V2v, v, = (ﬁ_1>vo = 12.37 km/s. If we

assume that the potential energy of the bullet at the Earth’s gravitational interaction
sphere is zero, then the law of conservation of energy can be written as follows:

mv; M _ m(\/z—l)zvo2
2

-G
2 R (11)
Since the potential energy of the bullet in the Sun gravity field at the moment of
launching from the Earth is the same as at the moment of crossing the Earth’s
gravitational interaction sphere, in the above equation this energy is neglected,
just like we did it in equation (3). After reduction of the bullet mass, m, in equation
(11), multiplication by factor 2 and substitution of the square of the second cosmic
. 2 . M . .
velocity, v,”, for expression 2G = we get the final formula for the third cosmic

velocity: v, =+/v, + (\/5 —1)2 v,., which is identical as equation (9).

We see that the calculations in the reference frame attached to the Earth are
simpler but require having the knowledge about the movements of objects in the
heliocentric system and a mental transition from one system to the other in the
derivation is necessary. In contrast, in the derivation demonstrated above we used
consistently the heliocentric system only.

The third cosmic velocity formula can be generalized by considering the an-
gle ¢ between the velocity vector of the bullet and the instantaneous Earth’s or-
bital velocity [8]:

v3((p):\/v22 +(3—2\/§cos¢))v02 12)
For ¢ = 0°, when the bullet velocity is consistent with the instantaneous Earth
orbital velocity, the equation (12) turns into equation (9), so v,(0°) = 16.87 km/s.
For ¢ = 90°, launching the bullet towards the Earth-Sun direction, v,(90°) = 52.93
km/s. For ¢ = 180°, launching the bullet in reverse to the instantaneous Earth or-
bital velocity, v,(180°) = 72.98 km/s.
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It is worth noting that the numerical calculations performed by the authors
of the article “Comparing solutions for the solar escape the problem” [5] give
an interesting, non-intuitive results. According to them, the optimal direction for
launching the bullet is not instantaneous direction of the Earth’s orbital velocity,
but the direction deflected by 7° outwards of it. For such a direction numerical cal-
culations of the third cosmic velocity lead to a value lower by 1.1% in comparison
to that (achieved also numerically) for the direction along the Earth’s orbit. The
authors do not provide a physical explanation for this unexpected result, actually
they do not give any explanation or comment at all. One must take into account
that their numerical calculations were based only on the general form of New-
ton’s second law and the assumption that the motionless Sun is at the center of
the Earth’s orbit, which was artificially set as a circle. In other words, the authors
as the center of the mass of the system treated the center of the Sun, they also
neglected the constant movement of the Earth due to the gravitational interaction
with the bullet (gravitational pulling). Such an iterative “following” along the in-
stantaneous growth of dp vector may lead to obtaining a trajectory very close to
the actual bullet trajectory. However not taking into account the laws of conserva-
tion (although they arise from the Newton’s laws) and using in each step of itera-
tion approximated values (which is inherent in the numerical calculations) may
lead to non-physical effects, like the deflection of escape velocity vector outwards
of tangential to the Earth’s orbital velocity. There is no empirical conclusive data
in that matter. The authors of mentioned paper [5] state that they calculated the
velocity with accuracy closer than 0.1% .

etk

We get equation (9) under assumption that the Earth’s orbit is a circle, so that
the Earth’s orbital velocity is constant. Thus, this formula is only an expression
for the average magnitude of the third cosmic velocity. However, one can believe
that because the Earth’s orbit is an ellipse, the third cosmic velocity has a different
magnitude depending on the position of the Earth on the orbit, and the extreme
values should occur for extreme Earth-Sun distance, which is the perihelion and
aphelion. Indeed, the precise calculations lead to such conclusion. However, in
order to calculate the third cosmic velocity in the perihelion and aphelion, it is
not enough to substitute into the formula (9) respective Earth’s velocities. The el-
liptical shape of the orbit causes not only different Earth’s orbital velocities in the
perihelion and aphelion, but also different Earth-Sun distances, and consequently
different parabolic velocities in these extreme positions of the Earth. All of these
concerns have to be taken into account already in derivation of the formula for the
third cosmic velocity. When we take all this into consideration and that the radius
of curvature of the ellipse at aphelion and/or perihelion is:
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p=%=a(1—ez), (13)

we receive the following formula for the Earth’s orbital velocity at perihelion and
aphelion, respectively:

Yo peryhelion — Vo 1 ’ (14)

v()aphelion = VO 1 +e (15)

Then the respective formulas for the parabolic velocity in perihelion and aphelion
are as follows:

2
vaE’yhfflion =Y l—e ? (16)
2
v = Vo T
P aphelion 1+e (17)

The symbols used in above expressions mean: « is the major semi-axis of the
Earth’s orbit, b is a minor semi-axis of Earth’s orbit, e is eccentricity of the el-
liptical Earth’s orbit. As a result of reasoning leading to equation (11) and using
equations (14) - (17), we get the final formulas for the third cosmic velocity at
perihelion and aphelion, respectively:

2
2 !V2_\I1+e) 2
V3 ervhetion — V2 + %
peryhelion

l-e o, (18)

2
2 \12—\11—6 2
V3 wonetion — Al V2 + %
aphelion

l+e 0 (19)

After substituting into them: e = 0.0167 [7], v, = 11.19 km/s and v, = 29.87 km/s,
we get the third cosmic velocity magnitudes in the perihelion and aphelion, which
are as follows: Y erihelion — 16.57 km/s and Y aphelion — 16.79 km/s.

So it turns out, perhaps a bit surprisingly, that launching the bullet from the
Earth in order to escape from the Solar System is easier in the perihelion, where
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the gravitational force of the Sun is stronger than that in aphelion. Note that for
e =0, i. e. for the circular Earth’s orbits, the formulas (18) and (19) both turn into
the formula (9). We did not find the formulas (18) and (19) in the literature, but
magnitudes to which they lead are confirmed by the article “Paradoxes of cosmic
flights” by Ary Szternfeld [6].

In the context of equations (18) and (19) one can consider the more general
problem, namely, whether the different magnitude of the third cosmic velocity at
different positions of the Earth on its orbit is not contradictory with the law of con-
servation of energy. Are we not dealing with a paradox consisting in the fact that
despite the constant total energy in the Earth’s orbital motion, a different initial
kinetic energy is necessary in order to launch a bullet beyond the Solar System
(Vj’peryhelion < vjaphehon)? To explain this issue one has to be aware that in fact the Earth
does not move around the Sun having a fixed position in space. We believe that
accurate calculations carried out in the reference frame attached to the center of
the mass of the Earth-Sun system would remove the paradox and would not lead
to inconsistency with the law of conservation of energy. However, such considera-
tions exceed the frames of this article.

Let us finally note that the Earth orbits around the Sun and it additionally
rotates around its axis. The linear speed of a point on the Earth’s equator due to
the Earth’s rotation is close to 0.5 km/s. This fact also could be used to further
optimize the initial conditions in which the bullet is launched in order to leave the
Solar System, just like it is made in regular flights to space.

SUMMARY

The formulas and magnitudes of the third cosmic velocity obtained in this paper are:

Third cosmic Formula Magnitude
velocity [km/s]
Average v \/ ( 1)2 oy 16.68

3 0
In peryhelion v, \/ 1 te 16.57
peryhelion
2
In aphelion oo Ve 16.79
3apheli 2 1 +e




Controversies about the value of the third cosmic velocity 75

REFERENCES

[1]7. Orear, Fizyka, vol. 1, pp. 114 — 115, WNT Warszawa 1998.

[2] A.K. Wroblewski, J.A. Zakrzewski, Wstep do fizyki, vol. 2, part 1, 221 — 233, PWN, Warszawa
1989.

[3] Guo-Tai Zheng, Jiu-Ying Qin, Ai-Jing Wu, 4 Study on the Theoretical Value of the Third Cosmic
Velocity, Applied Mechanics and Materials, vols. 71 — 78 (2011), pp. 4554-4557. http://www.
scientific.net/ AMM.71-78.4554

[4] A. Z. Hendel, Solar escape, American Journal of Physics, vol. 51, 746 — 748, 1983.

[STA. Z. Hendel, M. J. Longo, Comparing solutions for the solar escape problem, American Journal
of Physics, Vol. 56, 82 — 85, 1988.

[6] A. Szternfeld, Paradoxes of cosmic flights, Foreign Technology Division, ID(RS)I-0469-77,
Ohio, 1977, www.dtic.mil/dtic/tr/fulltext/u2/a045070.pdf (Translation of the article in Polish:
Paradoksy lotow kosmicznych, Astronautyka, Nr 5,4 —9, 1976).

[7] http://nssdc.gsfc.nasa.gov/planetary/factsheet/earthfact.html

[8] A. Diaz-Jimenez, A note on “Solar escape revisited”, American Journal of Physics, vol. 56,
85— 86, 1988.





